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BLOW-UP FORMULAE FOR TWISTED COHOMOLOGIES WITH
SUPPORTS
LINGXU MENG
Abstract. We study twisted cohomologies with paracompactifying families of supports.
The Ku¨nneth theorems, Leray-Hirsch theorems and self-intersection formulae are estab-
lished. Based on these results, we eventually give explicit expressions of complex blow-up
formulae for twisted Dolbeault cohomology on arbitrary complex manifolds and the ones of
generalized blow-ups formulae for twisted de Rham cohomology on arbitrary oriented smooth
manifolds. These expressions are induced by the morphisms of (simple or double) complexes
of spaces of forms and currents rather than just the maps between cohomologies, which help
us to obtain the corresponding results for twisted Bott-Chern, Aeppli cohomologies and
hypercohomologies of truncated twisted holomorphic de Rham complexes.
1. Introduction
Unless stated otherwise, all manifolds are assumed to be connected, paracompact, all sub-
manifolds (resp. complex submanifolds) are assumed to be closed (in the topological sense)
embedded smooth (resp. complex ) submanifolds without boundary and set k = R or C.
The concept of blow-ups was invented by algebraic geometers in the study of birational
transformations. O. Zariski [39] first defined it in modern language and used it to study singu-
larities. In complex geometry, the corresponding notion was first introduced by H. Hopf [16],
which is said to be the complex blow-up in the present paper. For smooth complex algebraic
varieties, blow-ups in complex setting coincide with the ones in algebraic setting. Blow-up
transformations play an important role in complex and algebraic geometries. Using them,
K. Kodaira [18] proved the well-known embedding theorem and H. Hironaka [15] constructed
the first example of non-algebraic Moishezon threefold. J.-P. Demailly and M. Paun [10]
obtained a characterization of the Fujiki class C via the complex blow-up operations. Besides
algebraic and complex settings, blow-ups can also be defined in other geometric categories.
D. McDuff [19] defined the symplectic blow-ups and used it to construct the examples of
simply-connected non-Ka¨hlerian symplectic manifolds. Inspired by [19], S. Yang, X.-D. Yang
and G. Zhao [36] defined the blow-up of a locally conformally symplectic manifold along a
compact induced symplectic submanifold and proved it admits a locally conformally sym-
plectic structure. Generalized complex geometry unified complex geometry and symplectic
geometry in one framework, which plays a significant role in string theory. To find more
examples of generalized complex manifolds, the ones have been trying to construct blow-ups
in this setting. G. Cavalcanti and M. Gualtieri [5] showed that a blow-up exists for a gener-
ically symplectic 4-manifold along a non-degenerate point of complex type. This was used
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to produce new examples of generalized complex structures on mCP 2#nCP 2 for m odd. In
[6, 34], the condition of generalized Ka¨hlerian blow-ups were studied. M. Bailey, G. Caval-
canti and J. van der Leer Dura´n [2] introduced the concept of holomorphic ideals to define a
blow-up in the category of smooth manifolds. They proved that a generalized Poisson sub-
manifold carries a canonical holomorphic ideal and gave a necessary and sufficient condition
for the blow-up of a generalized complex manifold along a generalized Poisson submanifold
to be generalized complex. They also proved a normal form theorem for a neighborhood of
a generalized Poisson transversal and used it to define a generalized complex blow-up of a
generalized complex manifold along a generalized Poisson transversal. Forgetting additional
structures, the underlying manifolds of blow-ups in all above settings are roughly viewed as
a union of two pieces: the complement of blow-up center and the complex projectivization
of normal bundle of blow-up center. Based on this observation, we define the concept of
generalized blow-ups (see Sect. 5.2.1) and investigate it.
How invariants vary under blow-up transformations is a natural and important question.
Recently, there are some progress on the complex blow-up formulae for twisted cohomologies.
On compact complex manifolds, complex blow-up formulae were established for twisted Dol-
beault cohomologies [28, 29, 1, 31, 32] and twisted de Rham cohomologies [37, 36, 8, 40]. In
different approaches, we [20, 21, 22, 23] established and explicitly expressed these formulae
on arbitrary complex manifolds without the hypothesis of compactness.
Our first goal of the present paper is to establish complex blow-up formulae for twisted
Dolbeault cohomology with supports in a paracompactifying family.
Theorem 1.1. Let π : X˜ → X be the complex blow-up of a complex manifold X along a
complex submanifold Y of complex codimension r with the exceptional divisor E. Suppose
that E is a locally free sheaf of OX-modules of finite rank on X and Φ is a paracompactifying
family of supports on X. Denote by iE : E → X˜ the inclusion and by h ∈ H1,1(E) the
Dolbeault class of a first Chern form of the universal line bundle OE(−1) over the projective
bundle π|E : E = P(NY/X)→ Y associated to the normal bundle NY/X of Y in X. Then
π∗ +
r−1∑
i=1
iE∗ ◦ (hi−1∪) ◦ (π|E)∗ (1.1)
gives an isomorphism
H•,•Φ (X, E) ⊕
r−1⊕
i=1
H•−i,•−iΦ|Y (Y, i
∗
Y E)→˜H•,•pi−1Φ(X˜, π∗E)
and
(π∗, G
−1
h,Φ ◦ i∗E , ..., G−r+1h,Φ ◦ i∗E) (1.2)
gives an isomorphism
H•,•
pi−1Φ
(X˜, π∗E)→˜H•,•Φ (X, E) ⊕
r−1⊕
i=1
H•−i,•−iΦ|Y (Y, i
∗
Y E), (1.3)
where G−ih,Φ : H
•,•
(pi−1Φ)|E
(E, (π|E)∗i∗Y E)→ H•−i,•−iΦ|Y (Y, i∗Y E) is defined in Sect. 4.3.
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On compact complex manifolds, S. Rao, S. Yang and X.-D. Yang [29] gave an expression of
(1.3) for Φ = cltX in the form (4.15) (see Sect. 4.4.1), which is exactly (1.2) via τ
E
Dol,cltX
(see
Sect. 4.4.1). An advantage of the expressions given here is to help us understand (1.3) on the
level of forms and currents rather than just on the level of cohomologies. The twisted Bott-
Chern cohomology is a useful tool in the study of locally conformally Ka¨hlerian geometry
[26, 27]. Utilizing (1.1) (1.2) and a Stelzig’s result [32], we give the explicit complex blow-up
formulae for twisted Bott-Chern, Aeppli cohomologies in Sect. 4.5.1. Hypercohomology of
a truncated holomorphic de Rham complex is an important invariant in Hodge theory. For
instance, it is used to compute the Hodge filtration on de Rham cohomology of a compact
Ka¨hler manifold [35]; it connects with singular cohomology and Deligne cohomology [11], sin-
gular cohomology and integral Bott-Chern cohomology [30]. By use of (1.1) (1.2), we obtain
the complex blow-up formula for the hypercohomology of a truncated twisted holomorphic
de Rham complex on an arbitrary complex manifold, which extends an open question of Y.
Chen, S. Yang [8] and answers it in Sect. 4.5.2.
Our second goal is to establish the formulae of generalized blow-ups for twisted de Rham
cohomologies with supports in paracompactifying families on (not necessarily compact) ori-
ented smooth manifolds, which apply to complex, symplectic, locally conformally symplectic
and generalized complex blow-ups.
Theorem 1.2. Let π : X˜ → X be a generalized blow-up of an oriented smooth manifold
X along an oriented smooth submanifold Y of codimension 2r with the exceptional divi-
sor E. Assume that L is a local system of k-modules with finite rank on X and Φ is a
paracompactifying family of supports on X. Denote by iE : E → X˜ the inclusion and by
h = c1(OE(−1)) ∈ H2dR(E,k) the first Chern form of the universal line bundle OE(−1) on
the complex projectivization π|E : E = P(NY/X)→ Y associated to the normal bundle NY/X
of Y in X. Then
π∗ +
r−1∑
i=1
iE∗ ◦ (hi−1∪) ◦ (π|E)∗ : (1.4)
HkΦ(X,L) ⊕
r−1⊕
i=1
Hk−2iΦ|Y (Y,L|Y )→˜H
k
pi−1Φ(X˜, π
−1L) (1.5)
and
(π∗, G
−1
h,Φ ◦ i∗E , ..., G−r+1h,Φ ◦ i∗E) : (1.6)
H•pi−1Φ(X˜, π
−1L)→ H•Φ(X,L) ⊕
r−1⊕
i=1
H•−2iΦ|Y (Y,L|Y ), (1.7)
are inverse isomorphisms, where G−ih,Φ : H
•
(pi−1Φ)|E
(E, (π|E)−1(L|Y )) → H•−2iΦ|Y (Y,L|Y ) is de-
fined as in Sect. 5.1.
It is worthy to notice that, self-intersection formulae (Propositions 4.7, 5.4) play a key role
for giving the expressions (1.1) (1.4) (Proposition 4.8, Sect. 5.2.3) and studying the inverse
relationships of (1.1) and (1.2), (1.4) and (1.6) (Proposition 4.11, Theorem 1.2).
All these formulae are established on the cohomologies with supports in quite general
families, which apply to the usual cohomologies and the cohomologies with compact supports.
They may be useful to study the topological properties of blow-up manifolds.
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2. Preliminaries
2.1. Families of supports. For the readers’ convenience, we collect some terminology and
results on families of supports, refer to [4, I. §6, II. §9, IV. §5].
A family Φ of supports on a topological space X means a family Φ of closed subsets of X
satisfying that:
(1) any closed subset of a member of Φ is a member of Φ,
(2) Φ is closed under finite unions.
If in addition:
(3) each element of Φ is paracompact,
(4) each element of Φ has a closed neighborhood which is in Φ,
then Φ is said to be a paracompactifying family of supports on X.
Let Φ be a family of supports on X. For a subset A ⊆ X, set Φ|A := {K ⊆ A| K ∈ Φ} and
Φ∩A := {K∩A| K ∈ Φ}, which are two families of supports on A. If B ⊆ A, (Φ|A)|B = Φ|B .
For the families Φ and Ψ of supports on X, Φ ∩ Ψ denotes the family of all closed subsets
of sets of the form K ∩ L for K ∈ Ψ and L ∈ Φ. For the families Φ and Ψ of supports on
X, Y respectively, Φ × Ψ means the family of all closed subsets of sets of the form K × L
for K ∈ Ψ and L ∈ Φ. Let f : Y → X be a continuous map of topological spaces and let
Φ be a family of supports on X. Denote by f−1(Φ) the family of all closed subsets of sets
of the form f−1(K) for K ∈ Φ . For a continuous map g : Z → Y of topological spaces,
g−1(f−1Φ) = (f ◦ g)−1Φ.
Denote by cltX and cX the families of all closed subsets and all compact subsets of X
respectively. If X is paracompact, cltX is paracompactifying. If X is locally compact, cX
is paracompactifying. Let f : X → Y be a continuous map of topological spaces. Then
f−1cltY = cltX . Moreover, if f is proper, f
−1cY = cX . Let pr1 : X × Y → X be the first
projection and Φ a family of supports on X. Then pr−11 Φ = Φ × cltY , which is denoted by
Φ× Y .
Proposition 2.1. (1) Let Φ be a family of supports on a topological space X. For a closed
subset A ⊆ X, Φ|A = Φ ∩A = i−1Φ, where i : A→ X is the inclusion.
(2) Let f : X → Y be a proper map of locally compact Hausdorff spaces and Φ a family of
supports of Y . For any subset A ⊆ Y , (f |f−1(A))−1(Φ|A) = (f−1Φ)|f−1(A).
(3) Assume that Φ and Ψ are families of supports on a topological space X. Then Φ∩Ψ =
l−1(Φ×Ψ), where l : X → X ×X is the diagonal map.
(4) Let Φ be a paracompactifying family of supports on X. For a locally closed subset
A ⊆ X, Φ|A is paracompactifying on A.
(5) Let f : X → Y be a continuous map of locally compact Hausdorff spaces and Ψ a
paracompactifying family of supports on Y . Then f−1Ψ is paracompactifying on X.
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(6) Let Φ and Ψ be paracompactifying families of supports on locally compact Hausdorff
spaces X and Y respectively. Then Φ×Ψ is paracompactifying on X × Y .
Proof. By the definitions, we immediately get (1) (3) (6). For (4), see [4, I. 6.5]. By [4, IV.
5.4 (3), 5.5], (5) holds. For K ∈ (f |f−1(A))−1(Φ|A), K is a closed subset of (f |f−1(A))−1(L) =
f−1(L) for a set L ⊆ A with L ∈ Φ. Then K ∈ f−1Φ and K ⊆ f−1(A), i.e., K ∈
(f−1Φ)|f−1(A). So (f |f−1(A))−1(Φ|A) ⊆ (f−1Φ)|f−1(A). For K ∈ (f−1Φ)|f−1(A), K ⊆ f−1(A)
and there is a set L such that L ∈ Φ and K is a closed subset of f−1(L). Set Z = f(K).
Then Z ⊆ L ∈ Φ and Z ⊆ A. Since f is proper, Z is closed in Y . So Z ∈ Φ|A. Since K is a
closed subset of (f |f−1(A))−1(Z), K ∈ (f |f−1(A))−1(Φ|A). We proved (2). 
Suppose that F is a sheaf on X and Φ is a family of supports on X. Denote by ΓΦ(X,F)
the group of sections of F on X with supports in Φ and by H•Φ(X,F) the cohomology of F
with supports in Φ. The sheaf F is said to be Φ-acyclic, if HpΦ(X,F) = 0 for p > 0. The
sheaf F is called a Φ-soft sheaf, if the restriction map Γ(X,F) → Γ(Z,F) is surjective for
any Z ∈ Φ. Let Φ be a paracompactifying familiy of supports on a complex manifold X. The
sheaf C∞X of germs of (real or complex valued) smooth functions on X is Φ-soft ([4, II. 9.4]),
so are Ap,qX and D′p,qX for any p, q by [4, II. 9.16]. Hence Ap,qX and D′p,qX are Φ-acyclic by [4,
II. 9.11].
2.2. Sheaf Theory. We recall some notations and results in sheaf theory, refer to [9, IV.
Sects. 2, 8, 9]. Suppose that U is any open set of X. For a sheaf F on X, Γ(U,F [0]) is the set
of all maps f : U → F such that f(x) ∈ Fx for all x ∈ U . For any s ∈ Γ(U,F), let s˜(x) = sx
for any x ∈ U , where sx ∈ Fx is the stalk of s over x. Then s 7→ s˜ define a natural injection
j : F → F [0] of sheaves. Set F [p] = (F [p−1])[0] for p ≥ 0. For all p, F [p] are flabby sheaves.
The stalk F [p]x can be considered as the set of equivalence classes of maps f : Xp+1 → F such
that f(x0, . . . , xp) ∈ Fxp for any (x0, . . . , xp) ∈ Xp+1, with such two maps are equivalent if
and only if they coincide on a set of the form
x0 ∈ V, x1 ∈ V (x0), . . . , xp ∈ V (x0, . . . , xp−1),
where V is an open neighborhood of x and V (x0, . . . , xj) an open neighborhood of xj , de-
pending on x0, . . . , xj . Similarly, Γ(U,F [p]) can be considered as the set of equivalence classes
of maps f : Xp+1 → F such that f(x0, . . . , xp) ∈ Fxp for any (x0, . . . , xp) ∈ Xp+1, with such
two maps are equivalent if and only if they coincide on a set of the form
x0 ∈ U, x1 ∈ V (x0), . . . , xp ∈ V (x0, . . . , xp−1).
For f ∈ Γ(U,F [p]), denote by suppf the support of f . Then U − suppf is just the set of
the point x ∈ U satisfying that there exists an open neighborhood V ⊆ U of x such that
f : Xp → F is zero on a set of the form
x0 ∈ V, x1 ∈ V (x0), . . . , xp ∈ V (x0, . . . , xp−1).
For t ∈ Fx, let S(t) be any element in F [0](X) whose restriction on some neighborhood U
of x is in Γ(U,F) and S(t)(x) = t. Define dp : F [p] → F [p+1] as
(dpf)(x0, . . . , xp+1) =
∑
0≤i≤p
(−1)if(x0, . . . , xˆi, . . . xp+1) + (−1)p+1S(f(x0, . . . , xp))(xp+1).
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The definition is independent of the choice of S. Moreover, d0 ◦ j = 0 and dp+1 ◦ dp = 0 for
any p ≥ 0. The complex (F [•], d) is a flabby resolution of the sheaf F , which is called the
simplicial flabby resolution of F and is briefly denoted as F [•].
For any exact sequence F → G → H, their resolutions F [•] → G[•] → H[•] is exact. So
F 7→ F [p] is an exact functor for any p. Any flabby sheaf on X is Φ-acyclic for any family Φ
of supports on X, so the functor F 7→ ΓΦ(X,F [p]) is exact for any p. In particular,
Hq
(
ΓΦ(X, (F•)[p])
)
= ΓΦ
(
X, (Hq(F•))[p])
)
(2.1)
for a complex F• of sheaves on X, where Hq(F•) denotes the q-th cohomological sheaf of F•.
Let F , G be sheaves of OX -modules (resp. k-modules) on a complex manifold (resp.
topological space) X and let Φ, Ψ be two families of supports on X. For u ∈ Γ(X,F [p]) and
v ∈ Γ(X,G[q]), the cup product u∪ v ∈ Γ(X, (F ⊗OX G)[p+q]) (resp. Γ(X, (F ⊗kX G)[p+q])) is
defined as
u ∪ v(x0, . . . , xp+q) = S(u(x0, . . . , xq))(xp+q)⊗ v(xp, . . . , xp+q)
∈ Fxp+q ⊗OX,xp+q Gxp+q (resp. Fxp+q ⊗k Gxp+q)
In such way, we get a C-bilinear (resp. k-bilinear) map
ΓΦ(X,F [p])× ΓΨ(X,G[q])→ ΓΦ∩Ψ(X, (F ⊗OX G)[p+q])
(resp. ΓΦ(X,F [p])× ΓΨ(X,G[q])→ ΓΦ∩Ψ(X, (F ⊗kX G)[p+q]) ),
which maps (u, v) to u ∪ v. It induces a cup product
∪ : HpΦ(X,F) ×HqΨ(X,G) → Hp+qΦ∩Ψ(X,F ⊗OX G) (2.2)
(resp. HpΦ(X,F) ×HqΨ(X,G)→ Hp+qΦ∩Ψ(X,F ⊗kX G) ).
The wedge product of holomorphic forms gives an embedding ∧ : ΩrX ⊗OX ΩsX →֒ Ωr+sX for
r + s ≤ dimCX. Via this embedding, we furthermore define a second type of cup product
∪ :HpΦ(X,F ⊗OX ΩrX)×HqΨ(X,G ⊗OX ΩsX)→ Hp+qΦ∩Ψ(X,F ⊗OX G ⊗OX ΩrX ⊗OX ΩsX)
→֒ Hp+qΦ∩Ψ(X,F ⊗OX G ⊗OX Ωr+sX ).
(2.3)
Let f : Y → X be a holomorphic (resp. continuous) map of complex manifolds (resp.
topological spaces) and F a sheaf of OY -modules (resp. k-modules) on Y . For any u ∈
Γ(X,F [p]), define f∗u ∈ Γ(Y, (f∗F)[p]) (resp. Γ(Y, (f−1F)[p])) as
(f∗u)(y0, . . . , yp) = u(f(y0), . . . , f(yp))⊗ 1 ∈ (f∗F)yp = Ff(yp) ⊗OX,f(yp) OY,yp
(resp. (f∗u)(y0, . . . , yp) = u(f(y0), . . . , f(yp)) ∈ (f−1F)yp = Ff(yp) ).
Clearly, supp(f∗u) ⊆ f−1(suppu). Suppose that Φ is a family of supports on X. We get a
morphism f∗ : ΓΦ(X,F [•])→ Γf−1Φ(Y, (f∗F)[•]) (resp. f∗ : ΓΦ(X,F [•])→ Γf−1Φ(Y, (f−1F)[•]))
of complexes, which induces a pullback
f∗ : HpΦ(X,F)→ Hpf−1Φ(Y, f∗F).
(resp. f∗ : HpΦ(X,F)→ Hpf−1Φ(Y, f−1F) ).
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The pullback of holomorphic forms gives a morphism f∗ΩqX → ΩqY , hence we can define a
second type of pullback
f∗ :HpΦ(X,F ⊗OX ΩqX)→ Hpf−1Φ(Y, f∗F ⊗OY f∗Ω
q
X)
→ Hp
f−1Φ
(Y, f∗F ⊗OY ΩqY ).
(2.4)
Lemma 2.2. Suppose that X is a topological space.
(1) Let j : U → X be an inclusion of an open subset. Assume that F is a sheaf on X and
G is a sheaf on U . Then (j−1F)[p] = j−1(F [p]) and (j!G)[p] = j!(G[p]) for any p.
(2) Let i : Z → X be an inclusion of a closed subset and H a sheaf on Z. Then (i∗H)[p] =
i∗(H[p]) for any p.
Proof. We only prove (j!G)[p] = j!(G[p]) and the other two conclusions can be obtained simi-
larly. For any open set W ⊆ X,
Γ(W, j!(G[0])) = {t ∈ Γ(W ∩ U,G[0])| suppt is closed in W}.
For any s ∈ Γ(W, (j!G)[0]), s(x) = 0 for any x ∈ W − U , so supps ⊆ W ∩ U . Set s˜ = s|W∩U .
Then supps˜ = supps is closed in W . Hence s 7→ s˜ for all s ∈ Γ(W, (j!G)[0]) give a morphism
Γ(W, (j!G)[0])→ Γ(W, j!(G[0])). For t ∈ Γ(W, j!(G[0])), set t¯ = t(x) for x ∈W ∩U and 0 for x ∈
W −U . Then t 7→ t¯ for all t ∈ Γ(W, j!(G[0])) give a morphism Γ(W, j!(G[0]))→ Γ(W, (j!G)[0]).
We easily see that the two morphisms are inverse to each other. So (j!G)[0] = j!(G[0]). By the
induction, we complete the proof. 
Assume that X is a topological space and F is a sheaf on X. Let Z be a closed subset
of X and set U = X − Z. Denote by i : Z → X and j : U → X the inclusions. Suppose
that Φ is a family of supports on X. As we know, 0 → j!j−1F → F → i∗i−1F → 0 is
exact, so is 0 → ΓΦ(X, (j!j−1F)[p]) → ΓΦ(X,F [p]) → ΓΦ(X, (i∗i−1F)[p]) → 0. By Lemma
2.2, ΓΦ(X, (i∗i
−1F)[p]) = ΓΦ|Z (Z, (i−1F)[p]) and ΓΦ(X, (j!j−1F)[p]) = ΓΦ|U (U,F [p]). So we
have the short exact
0 // ΓΦ|U (U,F [p])
j∗
// ΓΦ(X,F [p]) i
∗
// ΓΦ|Z (Z, (i
−1F)[p]) // 0
for any p, where j∗ is the extension by zero and i
∗ is the pullback. Furthermore, we have
Lemma 2.3. Let f : Y → X be a continuous map of topological spaces. Suppose that F
a sheaf on X and Φ is a family of supports on X. Put A a closed subset of X and set
B = f−1(A). Denote by j : X − A → X, j˜ : Y − B → Y , i : A → X, i˜ : B → Y the
inclusions. Then there exists a commutative diagram
· · ·HkΦ|X−A
(X − A,F)
f∗X−A

j∗
// HkΦ(X,F)
f∗

i∗
// HkΦ|A (A, i
−1
A
F)
f∗
A

// Hk+1
Φ|X−A
(X − A,F) · · ·
f∗X−A

· · ·Hk
(f−1Φ)|Y−B
(Y − B, f−1F)
j˜∗
// Hk
f−1Φ
(Y, f−1F)
i˜∗
// Hk
(f−1Φ)|B
(B, i−1B f
−1F) // Hk+1
(f−1Φ)|Y−B
(Y − B, f−1F) · · ·
of long exact sequences, where fZ : f
−1(Z)→ Z denotes the restriction of f for any Z ⊆ X.
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Proof. We easily check the commutative diagram
0 // ΓΦ|X−A (X − A,F
[•])
f∗X−A

j∗
// ΓΦ(X,F [•])
f∗

i∗
// ΓΦ|A (A, (i
−1F)[•])
f∗
A

// 0
0 // Γ(f−1Φ)|Y−B
(Y − B, (f−1F)[•])
j˜∗
// Γ
f−1Φ(Y, (f
−1F)[•])
i˜∗
// Γ(f−1Φ)|B
(B, (˜i−1f−1F)[•] // 0
of short exact sequences of complexes, which implies the conclusion. 
Lemma 2.4. Assume that π : X → Y is a continuous map of topological spaces and F is
a sheaf of on X. Let H be the group consisting of the map h : Y p+1 ×Xq+1 → F satisfying
h(y0, . . . , yp;x0, . . . , xq) ∈ Fxq for any (y0, . . . , yp;x0, . . . , xq) ∈ Y p+1 × Xq+1 and let H0 be
the subgroup of H consisting of the map h satisfying that h = 0 on a set of the form
y0 ∈ Y, yi ∈ V (y0, . . . , yi−1), 1 ≤ i ≤ p,
x0 ∈ π−1(V (y0, . . . , yp)),
xj ∈ V (y0, . . . , yp;x0, . . . , xj−1), 1 ≤ j ≤ q,
(2.5)
where V (y0, . . . , yi−1) is an open neighborhood of yi in Y depending on y0, . . . , yi−1 for
1 ≤ i ≤ p and V (y0, . . . , yp;x0, . . . , xj−1) is an open neighborhood of xj in X depend-
ing on y0, . . . , yp, x0, . . . , xj−1 for 1 ≤ j ≤ q. Then H/H0 can be viewed as a subgroup of
Γ
(
Y, (π∗(F [q]))[p]
)
.
Proof. Let P be the group consisting of the map f : Y p+1 → π∗(F [q]) satisfying that
f(y0, . . . , yp) ∈ (π∗(F [q]))yp for any (y0, . . . , yp) ∈ Y p+1. Let P0 be the subgroup of P
consisting of the map f which is zero on a set of the form y0 ∈ Y , y1 ∈ V (y0), . . . ,
yp ∈ V (y0, . . . , yp−1). Then Γ
(
Y, (π∗(F [q]))[p]
) ∼= P/P0. For any h ∈ H, set
G(h)(y0, . . . , yp) = h(y0, . . . , yp; •) : Xq+1 → F
for any (y0, . . . , yp) ∈ Y p+1. Then G(h)(y0, . . . , yp) can be viewed as a section of F [q] on X.
Set
P (h)(y0, . . . , yp) = [G(h)(y0, . . . , yp)]yp ∈ lim−−−→
V ∋yp
Γ(π−1(V ),F [q]) =
(
π∗(F [q])
)
yp
,
where [•]yp denotes the equivalent class under the direct limit. Then P (h) ∈ P. Define
H→ P/P0 as h 7→ P (h) modulo P0. We only need to prove that the kernel of this morphism
is H0.
Assume that h ∈ H satisfies that P (h) ∈ P0, i.e., [G(h)(y0, . . . , yp)]yp = 0 on the set of
the form y0 ∈ Y , y1 ∈ V (y0), . . . , yp ∈ V (y0, . . . , yp−1). This is equivalent to say that,
there exists an open neighborhood V of yp such that G(h)(y0, . . . , yp)|pi−1(V ) = 0 on the set
of the form y0 ∈ Y , yi ∈ V (y0, . . . , yi−1), 1 ≤ i ≤ p. We can write V = V (y0, . . . , yp), since
yp ∈ V (y0, . . . , yp−1) and V also depends on yp. Hence h(y0, . . . , yp;x0, . . . , xq) = 0 on a set
of the form (2.5), i.e., h ∈ H0. Inversely, if h ∈ H0, P (h) ∈ P0 from above arguments. We
complete the proof. 
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2.3. Gluing principle. Recall the gluing principle, which will be used in the following part.
Lemma 2.5 ([21, Lemma 2.1]). Let X be a smooth manifold and denote by P(U) a statement
on any open subset U in X. Assume that P satisfies conditions:
(i) (local condition) There exists a basis U of the topology of X such that P(U1 ∩ . . . ∩ Ul)
holds for any finite many U1, . . ., Ul ∈ U.
(ii) (disjoint condition) Let {Un|n ∈ N+} be any collection of disjoint open subsets of X.
If P(Un) hold for all n ∈ N+, P(
∞⋃
n=1
Un) holds.
(iii) (Mayer-Vietoris condition) For open subsets U , V of X, P(U ∪ V ) holds if P(U),
P(V ) and P(U ∩ V ) hold.
Then P(X) holds.
3. Twisted forms and currents with supports
3.1. Locally free sheaves on complex manifolds. Let X be a complex manifold and E
a locally free sheaf of OX -modules of rank m on X. An open subset U of X is said to be
E-free, if the restriction E|U is a free sheaf of OU -modules. An open covering U of X is said to
be E-free, if all U ∈ U are E-free. An open covering of X is called an E-free basis, if it is both
a basis of the topology and an E-free covering of X. For an open set U ⊆ X, the elements
of Γ(U, E ⊗OX Ap,qX ) and Γ(U, E ⊗OX D′p,qX ) are called E-vlaued (p, q)-forms and currents on
U , respectively. In Sects. 3 and 4, the tensor ⊗OX of sheaves of OX -modules will be simply
denoted by ⊗.
3.1.1. Local representations. Let U be an E-free open subset of X and e1, . . ., em a basis
of Γ(U, E) as an OX(U)-module. For ω ∈ Γ(X, E ⊗ Ap,qX ), the restriction ω|U to U can be
written as
m∑
i=1
ei ⊗ αi, where α1, . . ., αm ∈ Ap,q(U). Similarly, for S ∈ Γ(X, E ⊗ D′p,qX ),
S|U =
m∑
i=1
ei ⊗ Ti for some T1, . . ., Tm ∈ D′p,q(U). We easily get
Lemma 3.1. For any 1 ≤ i ≤ m, suppαi ⊆ suppω ∩ U and suppTi ⊆ suppS ∩ U .
3.1.2. Extensions by zero and restrictions. Let Φ be a paracompactifying family of
supports on X. Assume that j : V → X is the inclusion of the open subset V into X. Let
U be an E-free covering of X and eU1 , . . ., eUm a basis of Γ(U, E) as an OX(U)-module for any
U ∈ U.
For ω ∈ ΓΦ|V (V, E ⊗ Ap,qX ) and U ∈ U, the restriction ω|V ∩U to U ∩ V is
m∑
i=1
eUi |V ∩U ⊗ αi,
where α1, . . ., αm ∈ Ap,q(V ∩U). Clearly, αi = 0 on (V ∩U)∩(U−suppαi) = V ∩U−suppαi.
So αi can be extended on (V ∩ U) ∪ (U − suppαi) = U by zero, denoted by α˜i. Set
ω˜U =
m∑
i=1
eUi ⊗ α˜i
in Γ(U, E ⊗ Ap,qX ). Then {ω˜U |U ∈ U} can be glued as a global section of E ⊗ Ap,qX on X,
denoted by j∗ω. It is noteworthy that j∗ω doesn’t depend on the choice of the E-free open
covering U. Since suppj∗ω = suppω ∈ Φ, we get a map
j∗ : ΓΦ|V (V, E ⊗ Ap,qX )→ ΓΦ(X, E ⊗ Ap,qX ).
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Similarly, we can define
j∗ : ΓΦ|V (V, E ⊗ D′p,qX )→ ΓΦ(X, E ⊗ D′p,qX ). (3.1)
Let j∗ : Γ(X, E ⊗ D′p,qX ) → Γ(V, E ⊗ D′p,qX ) be the restriction of the sheaf E ⊗ D′p,qX . For
any S ∈ Γ(X, E ⊗ D′p,qX ) and U ∈ U, if the restriction S|U =
m∑
i=1
eUi ⊗ Ti for some T1, . . .,
Tm ∈ D′p,q(U), then (j∗S)|V ∩U =
m∑
i=1
eUi |V ∩U ⊗ Ti|V ∩U .
3.1.3. Pullbacks and pushforwards. Let f : Y → X be a holomorphic map of complex
manifolds and r = dimCY − dimCX. Put f∗E = f−1E ⊗f−1OX OY the inverse image of E
by f . The adjunction morphism E → f∗f∗E induces f∗U : Γ(U, E) → Γ(f−1(U), f∗E) for any
open set U ⊆ X, where fU : f−1(U)→ U is the restriction of f to f−1(U).
Pullbacks. The pullback Ap,qX → f∗Ap,qY induces a morphism of sheaves
E ⊗ Ap,qX → E ⊗ f∗Ap,qY = f∗(f∗E ⊗ Ap,qY ),
hence induces a pullback of E-valued (p, q)-forms
f∗ : Γ(X, E ⊗ Ap,qX )→ Γ(Y, f∗E ⊗Ap,qY ). (3.2)
Suppose that U is an E-free open set in X and e1, . . ., em is a basis of Γ(U, E) as an OX(U)-
module. Obviously, f∗Ue1, . . ., f
∗
Uem is a basis of Γ(f
−1(U), f∗E) as an OY (f−1(U))-module.
For an E-valued (p, q)-form ω, set ω|U =
m∑
i=1
ei ⊗ αi for some α1, . . ., αm ∈ Ap,q(U). Then
(f∗ω)|f−1(U) =
m∑
i=1
f∗Uei ⊗ f∗Uαi. (3.3)
We have
Lemma 3.2. suppf∗ω ⊆ f−1(suppω).
Proof. For any y ∈ Y − f−1(suppω), f(y) ∈ X − suppω. There exists an E-free open neigh-
borhood V of f(y) such that V ⊆ X − suppω, and then ω|V = 0. By the local representation
(3.3) of f∗ω, (f∗ω)|f−1(V ) = 0, i.e., suppf∗ω ∩ f−1(V ) = ∅. So y is not in suppf∗ω. We
proved the lemma. 
By Lemma 3.2, the pullback (3.2) gives
f∗ : ΓΦ(X, E ⊗ Ap,qX )→ Γf−1Φ(Y, f∗E ⊗ Ap,qY ) (3.4)
for a paracompactifying family Φ of supports on X.
Pushforwards. Assume that S is an f∗E-valued (p, q)-current on Y satisfying that
f |suppS : suppS → X is proper. Let U be an E-free covering of X and eU1 , . . ., eUm a basis of
Γ(U, E) as an OX(U)-module for any U ∈ U. For U ∈ U, S can be written as
m∑
i=1
f∗Ue
U
i ⊗ Ti
on f−1(U), where T1, . . ., Tm ∈ D′p,q(f−1(U)). By Lemma 3.1, suppTi ⊆ suppS ∩ f−1(U),
and then fU |suppTi : suppTi → U is proper. So fU∗Ti is well defined. Define an E-valued
(p− r, q − r)-current
S˜U =
m∑
i=1
eUi ⊗ fU∗Ti (3.5)
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on U . For U , U ′ ∈ U satisfying U ∩ U ′ 6= ∅, S˜U = S˜U ′ on U ∩ U ′. We obtain an E-valued
(p− r, q − r)-current on X , denoted by f∗S, such that (f∗S)|U = S˜U . The definition of f∗S
is independent of the choice of E-free coverings.
Lemma 3.3. Suppose that f |suppS : suppS → X is proper. Then suppf∗S ⊆ f(suppS).
Proof. For any x ∈ X− f(suppS), there exists an E-free open neighborhood U of x such that
U ⊆ X − f(suppS). Clearly, f−1(U) ∩ suppS = ∅, and then S|f−1(U) = 0. By the definition
(3.5) of f∗S, (f∗S)|U = 0, i.e., suppf∗S ∩ U = ∅. Hence, x is not in suppf∗S. The lemma
follows. 
Let Φ be a paracompactifying family of supports on X. Then
Φ(c) := {K ∈ f−1Φ| f |K : K → X is proper}
is paracompactifying on Y by [4, IV. 5.3 (b), 5.5]. By Lemma 3.3, we get a pushforward
f∗ : ΓΦ(c)(Y, f
∗E ⊗ D′p,qY )→ ΓΦ(X, E ⊗ D′p−r,q−rX ). (3.6)
If f is proper, Φ(c) = f−1Φ and hence (3.6) is
f∗ : Γf−1Φ(Y, f
∗E ⊗ D′p,qY )→ ΓΦ(X, E ⊗ D′p−r,q−rX ).
Let j : V → X be the inclusion of an open subset V into X. Clearly, Φ|V ⊆ Φ(c) in such
case. For K ∈ Φ(c), K ∩ S is compact for any compact set S ⊆ X, so K is closed in X.
Since K ∈ j−1Φ, K = L ∩ V ⊆ L for some L ∈ Φ, which implies K ∈ Φ|V . So Φ(c) ⊆ Φ|V .
Hence Φ(c) = Φ|V . The pushforward j∗ is just the extension by zero of sections of the sheaf
E ⊗ D′p,qX , i.e., (3.1).
We easily check that
ΓΦ|V (V, E ⊗ Ap,qX )
j∗
// ΓΦ(X, E ⊗ Ap,qX )
j∗
// Γj−1Φ(V, E ⊗ Ap,qX ) ,
ΓΦ|V (V, E ⊗ D′p,qX )
j∗
// ΓΦ(X, E ⊗ D′p,qX )
j∗
// Γj−1Φ(V, E ⊗ D′p,qX ) (3.7)
are both inclusions and
Proposition 3.4. Let f : Y → X be a proper holomorphic map of complex manifolds and let
E be a locally free sheaf of OX -modules of finite rank on X. For an open set V ⊆ X, denote
by fV : f
−1(V )→ V the restriction of f to f−1(V ) and by j : V → X, j′ : f−1(V )→ Y the
inclusions. Assume that Φ is a paracompactifying family of supports on X. Then j′∗f
∗
V = f
∗j∗
on ΓΦ|V (V, E ⊗ A•,•X ) and fV ∗j′∗ = j∗f∗ on Γf−1Φ(Y, f∗E ⊗ D′•,•Y ).
We have the Mayer-Vietoris sequences as follows.
Proposition 3.5. Let X be a complex manifold and X = U ∪V for open sets U , V . Denote
the corresponding inclusions by j1 : U → X, j2 : V → X, j′1 : U ∩ V → V , j′2 : U ∩ V → U
respectively. Assume that Φ is a paracompactifying family of supports on X. Then
0 // ΓΦ|U∩V (U ∩ V,E ⊗ A
p,q
X )
(j′2∗,j
′
1∗)
// ΓΦ|U (U, E ⊗ A
p,q
X )⊕ ΓΦ|V (V, E ⊗ A
p,q
X )
j1∗−j2∗
// ΓΦ(X, E ⊗ A
p,q
X )
// 0 ,
0 // ΓΦ|U∩V (U ∩ V, E ⊗ D
′p,q
X
)
(j′2∗,j
′
1∗)
// ΓΦ|U (U, E ⊗ D
′p,q
X
)⊕ ΓΦ|V (V, E ⊗ D
′p,q
X
)
j1∗−j2∗
// ΓΦ(X, E ⊗ D
′p,q
X
) // 0
are exact sequences for any p, q.
12 LINGXU MENG
Proof. The proofs of the two conclusions are similarly and we only give the proof of the first
one. Clearly, (j′2∗, j
′
1∗) is injective and (j1∗−j2∗)◦(j′2∗, j′1∗) = 0. Suppose that α1 ∈ ΓΦ|V (V, E⊗
Ap,qX ) and α2 ∈ ΓΦ|U (U, E ⊗Ap,qX ) satisfy j1∗α2 − j2∗α1 = 0. Then suppα1 = suppα2 ⊆ U ∩ V
is in Φ. Set α = α1|U∩V . Then suppα ∈ Φ|U∩V . Moreover, j′i∗α = αi for i = 1, 2. Hence
ker(j1∗−j2∗) ⊆ Im(j′2∗−j′1∗). Let {ρU , ρV } be a partition of unity subordinate to {U, V }. For
any β ∈ ΓΦ(X, E ⊗Ap,qX ), supp(ρU · β) ⊆ U , hence supp(ρU · β)|U = supp(ρU · β). Notice that
supp(ρU ·β) is closed in X and supp(ρU ·β) ⊆ suppβ ∈ Φ, so supp(ρU ·β)|U ∈ Φ|U . Moreover,
j1∗((ρU · β)|U ) = ρU · β. Similarly, supp(ρV · β)|V ∈ Φ|V and j2∗((ρV · β)|V ) = ρV · β. Then
β = (j1∗, j2∗) ((ρU · β)|U ,−(ρV · β)|V ). Hence j1∗− j2∗ is surjective. We finish the proof. 
3.1.4. Twisted Dolbeault cohomology. We still denote by ∂¯ the differentials 1 ⊗ ∂¯ :
E ⊗ A•,•X → E ⊗ A•,•+1X and 1 ⊗ ∂¯ : E ⊗ D′•,•X → E ⊗ D′•,•+1X . Let Φ be a paracompactifying
family of supports on X. Then E ⊗ ΩpX has two Φ-soft resolutions
0 // E ⊗ ΩpX
i
// E ⊗ Ap,0X
∂¯
// · · · ∂¯ // E ⊗ Ap,nX // 0 ,
0 // E ⊗ ΩpX
i
// E ⊗ D′p,0X
∂¯
// · · · ∂¯ // E ⊗ D′p,nX // 0 ,
where dimCX = n. So
HqΦ(X, E ⊗ ΩpX) ∼= Hq(ΓΦ(X, E ⊗ Ap,•X )) ∼= Hq(ΓΦ(X, E ⊗ D′p,•X )).
The later two are uniformly called the twisted Dolbeault cohomology with supports in Φ and
denoted by Hp,qΦ (X, E). Assume that E is the holomorphic vector bundle associated to E .
Then Hp,q(X, E) coincides with the bundle-valued Dolbeault cohomology Hp,q(X,E) (see [9,
V. Proposition 11.5]). Clearly, all operators defined in Sects 3.1.1-3.1.3 commutate with ∂¯,
hence induce the corresponding morphisms at the level of cohomology.
For a complex manifold X, denote by Mod(OX) the category of sheaves of OX-modules
on X.
Proposition 3.6. Let f : Y → X be a flat holomorphic map (e.g., holomorphic submersion,
open embedding) of complex manifolds, i.e., OY is a flat f−1OX -module sheaf. Assume that
E is a locally free sheaf of OX-modules of finite rank on X and Φ is a paracompactifying
family of supports on X. Then the pullback f∗ : Hp,qΦ (X, E) → Hp,qf−1Φ(Y, f∗E) defined via
(3.4) is compatible with the second type of pullback defined via (2.4).
Proof. Let I• and J • be injective resolutions of E ⊗ ΩpX and f∗E ⊗ ΩpY in Mod(OX) and
Mod(OY ) respectively. By [17, I. Theorem 6.2], there exist quasi-isomorphisms E⊗Ap,•X → I•
and f∗E ⊗ Ap,•Y → J •, which are unique up to chain homotopy. Any injective sheaf is
flabby ([4, II. Proposition 5.3]) and hence is Φ-acyclic ([4, II. Proposition 5.5]). We have the
isomorphisms Hp,qΦ (X, E)→˜Hq(ΓΦ(Y,I•)) and Hp,qf−1Φ(Y, f∗E)→˜Hq(Γf−1Φ(Y,J •)) by [4, II.
4.2]. Since f is flat, f∗ :Mod(OX)→Mod(OY ) is an exact functor, so f∗(E ⊗Ap,•X )→ f∗I•
is a quasi-isomorphism of complexes of sheaves of OY -modules. By [17, I. Theorem 6.2], there
is a unique morphism ϕ : f∗I• → J • of complexes of sheaves of OY -modules up to chain
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homotopy such that the diagram
f∗(E ⊗ Ap,•X )

// f∗E ⊗ Ap,•Y

f∗I• ϕ // J •.
is commutative up to chain homotopy, where the upper map is induced by the pullback
f∗A•,•X → A•,•Y . On cohomologies, we have the commutative diagram
Hp,qΦ (X, E)
∼=

// Hq(Γf−1Φ(Y, f
∗(E ⊗ Ap,•X )))

// Hp,q
f−1Φ
(Y, f∗E)
∼=

Hq(ΓΦ(Y,I•)) // Hq(Γf−1Φ(Y, f∗I•))
Hq(Γf−1Φ(ϕ))
// Hq(Γf−1Φ(Y,J •)),
(3.8)
where the maps in the two rows of the left square are induced by adjunctions E ⊗ Ap,•X →
f∗f
∗(E ⊗Ap,•X ) and I• → f∗f∗I• respectively. The composition of the two maps in the lower
row of (3.8) is induced by I• → f∗f∗I• → f∗J •, denoted by
δ : Hq(ΓΦ(Y,I•))→ Hq(Γf−1Φ(Y,J •)).
Notice that δ is independent of the choice of ϕ, since Hq(Γf−1Φ(ϕ)) is. Clearly, the composi-
tion of the two maps in the upper row of (3.8) is just the pullback f∗ defined by (3.4). Hence
(3.4) is compatible with δ. By similar arguments, we can prove that the pullback f∗ defined
by (2.4) is compatible with δ using (E ⊗ ΩpX)[•] and (f∗E ⊗ ΩpY )[•] instead of E ⊗ Ap,•X and
f∗E ⊗ Ap,•Y respectively. We complete the proof. 
Suppose that Φ and Ψ are paracompactifying families of supports on X with Φ ⊆ Ψ. The
inclusion ΓΦ(X, E ⊗Ap,•X ) →֒ ΓΨ(X, E ⊗Ap,•X ) naturally induces a morphism l : Hq(ΓΦ(X, E ⊗
Ap,•X ))→ Hq(ΓΨ(X, E ⊗Ap,•X )). Let f : Y → X be a holomorphic map of complex manifolds.
If f−1Φ = f−1Ψ, there is a commutative diagram
Hp,qΦ (X, E)
l
//
f∗
''P
PP
PP
PP
PP
PP
P
Hp,qΨ (X, E)
f∗
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
Hp,q
f−1Φ
(Y, f∗E).
(3.9)
3.1.5. Cup products. Assume that E , F are locally free sheaves of OX -modules of rank m,
n onX respectively, U is an E- and F-free open covering of X and Φ, Ψ is a paracompactifying
family of supports on X. Let eU1 , . . ., e
U
m and f
U
1 , . . ., f
U
n be bases of Γ(U, E) and Γ(U,F) as
OX(U)-modules, respectively.
For S ∈ ΓΦ(X, E ⊗ D′r,pX ), ω ∈ ΓΨ(X,F ⊗ As,qX ) and U ∈ U, S and ω are represented by
m∑
i=1
eUi ⊗ Ti and
n∑
j=1
fUj ⊗ αj on U respectively, where Ti ∈ D′r,p(U) and αj ∈ As,q(U) for any
i. Then ∑
1≤i≤m
1≤j≤n
eUi ⊗ fUj ⊗ (Ti ∧ αj)
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gives an E ⊗ F-valued (r + s, p + q)-current on U . They are glued as a global section of
E ⊗ F ⊗D′r+s,p+qX on X, which is independent of the choice of open coverings. Denote it by
S ∧ ω. We easily check that supp(S ∧ ω) ⊆ suppS ∩ suppω, hence S ∧ ω ∈ ΓΦ∩Ψ(X, E ⊗ F ⊗
D′r+s,p+qX ). Similarly, the F ⊗E-valued current ω ∧S and the E ⊗F-valued form ψ ∧ω on X
can be defined well, where ψ ∈ ΓΦ(X, E ⊗Ar,pX ). Clearly, ∂¯(S ∧ω) = ∂¯S ∧ω+(−1)p+qS ∧ ∂¯ω.
Denote by [α]Φ the Dolbeault class with support in Φ of the ∂¯-closed form or current α.
For paracompactifying families Φ, Ψ of supports on X, define a cup product
∪ : Hr,pΦ (X, E) ×Hs,qΨ (X,F)→ Hr+s,p+qΦ∩Ψ (X, E ⊗ F) (3.10)
as [ψ]Φ ∪ [ω]Ψ = [ψ ∧ ω]Φ∩Ψ or [S]Φ ∪ [ω]Ψ = [S ∧ ω]Φ∩Ψ.
Remark 3.7. There is a commutative diagram
(E ⊗ ΩpX)⊗ (F ⊗ ΩqX)
(1⊗i)⊗(1⊗i)

∧
// E ⊗ F ⊗ Ωp+qX
1⊗1⊗i

(E ⊗ Ap,•X )⊗ (F ⊗Aq,•X )
∧
// E ⊗ F ⊗Ap+q,•X .
By [13, II. The´ore`me 6.6.1], the cup product (3.10) coincides with the second type of cup
product (2.3).
Suppose that f : Y → X is a holomorphic map of complex manifolds. Then f∗(ψ ∧ ω) =
f∗ψ∧f∗ω. In addition, let T be an f∗E-valued current on Y satisfying that f |suppT : suppT →
X is proper. Then
f∗(T ∧ f∗ω) = f∗T ∧ ω. (3.11)
Indeed, it is the classical projection formula locally. For ϕ ∈ H•,•Φ(c)(Y, f∗E) and η ∈ H•,•Ψ (X,F),
f∗(ϕ ∪ f∗η) ∈ H•,•Φ(c)∩f−1Ψ(X, E ⊗ F) and f∗ϕ ∪ η ∈ H
•,•
Φ∩Ψ(X, E ⊗ F). By [4, IV. 5.4 (7)],
Φ(c) ∩ f−1Ψ = (Φ ∩Ψ)(c). By (3.11),
f∗(ϕ ∪ f∗η) = f∗ϕ ∪ η. (3.12)
Proposition 3.8. Let f : Y → X be a proper surjective holomorphic map between complex
manifolds and let Φ be a paracompactifying family of supports on X. Set r = dimCY −dimCX
and assume that there exists a closed current T ∈ D′r,r(Y ) such that f∗T 6= 0. Let E be a
locally free sheaf of OX -modules of finite rank on X. Then f∗ : H•,•Φ (X, E)→ H•,•f−1Φ(Y, f∗E)
is injective and f∗ : H
•,•
f−1Φ
(Y, f∗E) → H•−r,•−rΦ (X, E) is surjective. In particular, if X
and Y have the same dimensions, then f∗ : H•,•Φ (X, E) → H•,•f−1Φ(Y, f∗E) is injective and
f∗ : H
•,•
f−1Φ
(Y, f∗E)→ H•,•Φ (X, E) is surjective.
Proof. Since c = f∗T is a closed current of degree 0, hence a constant. By (3.12), f∗([T ] ∪
f∗η) = c · η, where [T ] ∈ Hr,r(Y ) and η ∈ Hp,qΦ (X, E). The proposition follows. 
3.2. Local systems on smooth manifolds. For a topology space X, a local system of k-
modules on X refers to a locally constant sheaf of k-modules on X, or equivalently, a locally
free sheaf of kX-modules on X, where kX is the constant sheaf with stalk k on X. Assume
that L is a local system of k-modules on X. An open subset U of X is said to be L-constant,
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if the restriction L|U is a contant sheaf. An open covering U of X is said to be L-constant, if
all U ∈ U are L-constant.
For a smooth map f : Y → X of smooth manifolds and local systems L, H of k-modules
of finite ranks on X, all notions can be similarly defined as those in Section 3.1 and the
corresponding results are also true, where we only need to replace OX , E , E-free, A∗,∗X , D′∗,∗X ,
f∗E , H∗,∗Φ (X, E) and E⊗OXF with kX , L, L-constant, A∗X , D′∗X , f−1L, H∗Φ(X,L) and L⊗kXH,
respectively. It is noteworthy that, if the definitions of notions involve the currents, then the
related manifolds must be oriented.
Now, we list partial results as follows, which will be frequently used in Sect. 5.
1. Let L andH be local systems of k-modules of finite rank on X. Suppose that f : Y → X
is a smooth map of oriented smooth manifolds. In addition, let T be an f−1L-valued current
on Y satisfying that f |suppT : suppT → X is proper. Then
f∗(T ∧ f∗ω) = f∗T ∧ ω. (3.13)
For ϕ ∈ H•Φ(c)(Y, f−1L) and η ∈ H•Ψ(X,H),
f∗(ϕ ∪ f∗η) = f∗ϕ ∪ η. (3.14)
2. Suppose that Φ and Ψ are paracompactifying families of supports onX with Φ ⊆ Ψ. The
inclusion ΓΦ(X,L ⊗ A•X) →֒ ΓΨ(X,L ⊗ A•X) naturally induces a morphism l : HpΦ(X,L) →
HpΨ(X,L). Let f : Y → X be a smooth map of smooth manifolds. If f−1Φ = f−1Ψ, there is
a commutative diagram
HpΦ(X,L)
l
//
f∗
''P
PP
PP
PP
PP
PP
P
HpΨ(X,L)
f∗
ww♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
Hp
f−1Φ
(Y, f−1L).
(3.15)
4. Twisted Dolbeault cohomology with supports
4.1. Ku¨nneth theorems. Suppose that F and G are coherent analytic sheaves on complex
manifolds X and Y respectively. The analytic external tensor product of F and G is defined
as
F ⊠ G = pr∗1F ⊗OX×Y pr∗2G,
where pr1 and pr2 are projections from X×Y onto X, Y , respectively. The cartesian product
× : HpΦ(X,F) ×HqΨ(Y,G)→ Hp+qΦ×Ψ(X × Y,F ⊠ G) (4.1)
is defined as pr∗1(•) ∪ pr∗2(•).
Denote by K• the associated simple complex of a double complex K•,•. For a double
complex K•,•, there are two spectral sequences KE
•,•
r ⇒ KH• and KE˜•,•r ⇒ KH˜•, where
KE
p,q
1 = H
q(Kp,•), KE
p,q
2 = H
p(E•,q1 ), KE˜
p,q
1 = H
p(K•,q), KE˜
p,q
2 = H
q(Ep,•1 ), KH
k =
KH˜
k = Hk(K•).
Proposition 4.1. Let F , G be coherent analytic sheaves on complex manifolds X, Y respec-
tively and let Φ be a family of supports on X. Suppose that H•(Y,G) is finite dimensional.
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Then (αp ⊗ βq)p+q=k 7→
∑
p+q=k
αp × βq gives an isomorphism
⊕
p+q=k
HpΦ(X,F) ⊗C Hq(Y,G)→˜HkΦ×Y (X × Y,F ⊠ G).
Proof. Let C•,• = ΓΦ(X,F [•])⊗CΓ(Y,G[•]) be the double complex associated to the complexes
ΓΦ(X,F [•]) and Γ(Y,G[•]). By [9, IV. (15.8)], CEp,q1 = ΓΦ(X,F [p])⊗C Hq(Y,G) and CEp,q2 =
HpΦ(X,F) ⊗C Hq(Y,G). Let π : X × Y → X be the first projection of X × Y onto X. Set
Dp,q = ΓΦ
(
X, (π∗((F ⊠ G)[q]))[p]
)
. Then
DE
p,q
1 =H
q
(
ΓΦ(X, (π∗((F ⊠ G)[•]))[p])
)
=ΓΦ
(
X,
(
Hq
(
π∗((F ⊠ G)[•])
))[p])
(by (2.1))
=ΓΦ
(
X, (Rqπ∗(F ⊠ G))[p]
)
and DE
p,q
2 = H
p
Φ(X,R
qπ∗(F⊠G)). Since H•(Y,G) is finite dimensional, Rqπ∗(F⊠G) = F⊗C
Hq(Y,G) by [9, IX. 5.22 (c)]. So DEp,q2 = HpΦ(X,F ⊗C Hq(Y,G)) = HpΦ(X,F) ⊗C Hq(Y,G).
Define a morphism ϕ : C•,• → D•,• of double complexes as f ⊗ g 7→ h, where
h(ξ0, . . . , ξp; (x0, y0), . . . , (xq , yq)) = S(f(ξ0, . . . , ξp))(xq)⊗ 1⊗ g(y0, . . . , yq)⊗ 1
∈(F ⊠ G)(xq,yq) = (Fxq ⊗OX,xq OX×Y,(xq,yq))⊗OX×Y,(xq,yq) (Gyq ⊗OY,yq OX×Y,(xq,yq))
for any (ξ0, . . . , ξp; (x0, y0), . . . , (xq, yq)) ∈ Xp+1 × (X × Y )q+1. By Lemma 2.4, the map
is defined well. It induces the isomorphism CE
p,q
2 →˜DEp,q2 for any p, q, hence induces the
isomorphism CE
p,q
r →˜ DEp,qr for r ≥ 2. Clearly, CE•,•r degenerates at E2-page, so does DE•,•r .
So ϕ induces the isomorphism Hk(ϕ) : CH
k→˜DHk. By [9, IV, (15.5)], CHk = HpΦ(X,F)⊗C
Hq(Y,G). Moreover,
DE˜
p,q
1 =

ΓΦ×Y
(
X × Y, (F ⊠ G)[q]) , p = 0,
0, p ≥ 1,
DE˜
p,q
2 =

HqΦ×Y (X × Y,F ⊠ G) , p = 0,
0, p ≥ 1,
where we use [4, IV. 5.2]. Hence DE˜
•,•
r degenerates at E2-page, so DH
k = HkΦ×Y (X × Y,F ⊠ G).
From the definition of ϕ, H•(ϕ) is just the cartesian product. We complete the proof. 
For bigraded vector spaces K•,• and L•,• over C, the associated bigraded space K•,•⊗CL•,•
over C is defined as
(K•,• ⊗C L•,•)p,q =
⊕
k+l=p
r+s=q
Kk,r ⊗C Ll,s
for any p, q.
Let X and Y be two complex manifolds. Suppose that H•,•(Y ) is finite dimensional and
Φ is a paracompacting family of supports on X. Notice that ΩpX×Y =
⊕
r+s=p
ΩrX ⊠ Ω
s
Y . By
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Proposition 3.6 and Remark 3.7,
pr∗1(•) ∪ pr∗2(•) : H•,•Φ (X)⊗C H•,•(Y )→ H•,•Φ×Y (X × Y ) (4.2)
coincides with the cartesian product (4.1), which is an isomorphism by Proposition 4.1.
4.2. Leray-Hirsch theorem. Using Borel’s spectral sequence, L. Cordero et al. [7] estab-
lished a version of Leray-Hirsch theorem for Dolbeault cohomology and S. Rao et al. [29]
extend this result to the twisted cases with the similar way. We obtained a version of these
results with a different way [21, 23]. Now, we further generalize the Leray-Hirsch theorems
on the twisted Dolbeault cohomologies with supports.
Theorem 4.2. Let π : E → X be a holomorphic fiber bundle over a complex manifold X
and let E be a locally free sheaf of OX -modules of finite rank on X. Assume that there exist
ei ∈ H•,•(E) with degree (ui, vi) for 1 ≤ i ≤ r such that their restrictions e1|Ex , . . . , er|Ex
freely linearly generate H•,•(Ex) for every x ∈ X. Then
r∑
i=1
π∗(•) ∪ ei :
r⊕
i=1
H•−ui,•−viΦ (X, E)→ H•,•pi−1Φ(E, π∗E)
is an isomorphism for a paracompactifying family Φ of supports on X.
Proof. Let ti be a ∂¯-closed form of degree (ui, vi) in A•,•(E), such that ei = [ti] for 1 ≤ i ≤ r.
For any open set U ⊆ X, set EU = π−1(U) and B•,•(U) =
r⊕
i=1
A•−ui,•−viΦ|U (U). For any p, the
q-th cohomology of the complex Bp,•(U) is Dp,q(U) =
r⊕
i=1
Hp−ui,q−viΦ|U (U). The morphism
fpU =
r∑
i=1
π∗(•) ∧ ti : Bp,•(U)→ Ap,•(pi|EU )−1(Φ|U )(EU ) = A
p,•
(pi−1Φ)|EU
(EU )
of complexes is defined well by Proposition 2.1 (3), which induces a morphism
F p,qU =
r∑
i=1
π∗(•) ∪ ei : Dp,q(U)→ Gp,q(U) := Hp,q(pi−1Φ)|EU (EU ).
Denoted by P(U) the statement that F p,qU are isomorphisms for all p, q. The theorem is
equivalent to say that P(X) holds. We only need to check the three conditions in Lemma
2.5. Clearly, P satisfies the disjoint condition.
We fix some notations. For the inclusion j : U ⊆ V of open sets in X, denote by
j˜ : EU ⊆ EV the corresponding inclusion and denote by j∗ : A•,•Φ|U (U) → A
•,•
Φ|V
(V ), j˜∗ :
A•,•
(pi−1Φ)|EU
(EU ) → A•,•(pi−1Φ)|EV (EV ), J = (j∗, . . . , j∗) : B
•,•(U) → B•,•(V ) the extensions
by zero. Now, we go back to the proof. Fix an integer p. For open sets U , V ⊆ X, let
j1 : U ∩ V → U , j2 : U ∩ V → V , j3 : U → U ∪ V , j4 : V → U ∪ V be inclusions. By
Propositions 3.5 and 3.4, there is a commutative diagram
0 // Bp,•(U ∩ V )
f
p
U∩V

(J1,J2)
// Bp,•(U) ⊕ Bp,•(V )
(f
p
U
,f
p
V
)

J3−J4
// Bp,•(U ∪ V )
f
p
U∪V

// 0
0 // Ap,•
(pi−1Φ)|EU∩V
(EU∩V )
(j˜1∗,j˜2∗)
// Ap,•
(pi−1Φ)|EU
(EU )⊕A
p,•
(pi−1Φ)|EV
(EV )
j˜3∗−j˜4∗
// Ap,•
(pi−1Φ)|EU∪V
(EU∪V )
// 0
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of exact sequences of complexes. Therefore, we have a commutative diagram
· · · // Dp,q(U ∩ V )
F
p,q
U∩V

// Dp,q(U)⊕Dp,q(V )
(Fp,q
U
,F
p,q
V
)

// Dp,q(U ∪ V )
F
p,q
U∪V

// Dp,q+1(U ∩ V )
F
p,q+1
U∩V

// · · ·
· · · // Gp,q(U ∩ V ) // Gp,q(U)⊕Gp,q(V ) // Gp,q(U ∪ V ) // Gp,q+1(U ∩ V ) // · · ·
of long exact sequences. If F p,qU , F
p,q
V and F
p,q
U∩V are isomorphisms for all p, q, then so are
F p,qU∪V for all p, q by the five-lemma. Hence P satisfies the Mayer-Vietoris condition.
To check the local condition, we first verify the following claim:
(♦) Assume that U is an E-free open set of X satisfying that EU is holomorphically trivial,
then P(U) holds.
Without generality, assume that E|U = OU . Suppose that F is the general fiber of E and
ϕU : U ×F → EU is a holomorphic trivialization. Let pr1 and pr2 be projections from U ×F
to U and F respectively, which satisfy π ◦ϕU = pr1. Given a point o ∈ U , set jo : F → U ×F
as f 7→ (o, f). Clearly, pr2 ◦ jo = idF and io := ϕU ◦ jo is the embedding F →֒ EU of the fiber
Eo ∼= F over o into EU . Set e′i = (ϕ−1U )∗pr∗2i∗oei ∈ Hui,vi(EU ), 1 ≤ i ≤ r. Then i∗oe′i = i∗oei
for any i. Since i∗oe1, . . ., i
∗
oer is linearly independent, mapping ei to e
′
i for 1 ≤ i ≤ r give
an isomorphism spanC{e1, . . . , er}→˜spanC{e′1, . . . , e′r}. For any p, q, we have a commutative
diagram
(H•,•Φ|U (U)⊗C spanC{e1, . . . , er})p,q
∼=

∼=
id⊗i∗o
++❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
(H•,•Φ|U (U)⊗C spanC{e′1, . . . , e′r})p,q
pi∗(•)∪•

id⊗i∗o
// (H•,•Φ|U (U)⊗C H•,•(F ))p,q
pr∗1(•)∪pr
∗
2 (•)

Hp,q
(pi−1Φ)|EU
(EU ) ∼=
ϕ∗U
// Hp,qΦ|U×Y (U × F ).
(4.3)
By the assumption, i∗o : spanC{e1, . . . , er} → H•,•(F ) is an isomorphism, so is i∗o : spanC{e′1, . . . , e′r} →
H•,•(F ). By (4.2), pr∗1(•)∪pr∗2(•) is isomorphic, so is π∗(•)∪• in (4.3). Mapping (α1, . . . , αr)
to
r∑
i=1
αi ⊗ ei gives a morphism
r⊕
i=1
Hp−ui,q−viΦ|U (U)→ (H
•,•
Φ|U
(U)⊗C spanC{e1, . . . , er})p,q, (4.4)
which is clearly isomorphic. Then F p,qU is the composition of (4.4) and the two vertical maps
in the first column of (4.3), hence an isomorphism. We proved (♦). Let U be an E-free basis of
the topology of X such that EU is holomorphically trivial for any U ∈ U. For U1, . . ., Ul ∈ U,
EU1∩...∩Ul is holomorphically trivial, then (♦) asserts that P(
l⋂
i=1
Ui) is an isomorphism. Hence
P satisfies the local condition.
We complete the proof. 
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4.3. Projective bundle formulae. We successively define Pr−1, Pr−2, Pr−3, ..., P1, P0 by
recursion relations
Pi(T1, ...., Tr−1) =

(−1)r
r−1−i∑
k=1
TkPk+i(T1, ...., Tr−1), 0 ≤ i < r − 1
(−1)r−1, i = r − 1,
(4.5)
for 0 ≤ i ≤ r − 1. For example,
Pr−1 = (−1)r−1, Pr−2 = −T1, Pr−3 = (−1)r−1T 21 − T2, ...
Clearly, Pi(T1, ...., Tr−1) ∈ Z[T1, ...., Tr−1]. By (4.5), it is easy to prove the following two
lemmata by the induction. We will only give the details of the proof of Lemma 4.4.
Lemma 4.3. Suppose that
Pi(T1, ...., Tr−1) =
∑
d1,··· ,dr−1≥0
ai,d1,··· ,dr−1T
d1
1 ...T
dr−1
r−1 .
For any nonzero ai,d1,··· ,dr−1,
r−1∑
k=1
kdk = r − 1− i.
Lemma 4.4. Set T0 = (−1)r−1. For k ∈ {0, 1, ..., r − 1}, put
Hk(T1, ..., Tr−1) =
r−1+k∑
i=r−1
Ti−(r−1)Pi−k(T1, ..., Tr−1).
Then
Hk(T1, ..., Tr−1) =

1, k = 0
0, 1 ≤ k ≤ r − 1.
Proof. For k = 0, the lemma holds clearly. For l > 0, assume that the lemma holds for any
k < l . Then
Hl =(−1)r−1Tl + (−1)r
r−2+l∑
i=r−1
Ti−(r−1)
(
r−1−i+l∑
s=1
TsPs+i−l
)
(by (4.5))
=(−1)r−1Tl + (−1)r
l∑
s=1
Ts
(
r−1+l−s∑
i=r−1
Ti−(r−1)Pi−(l−s)
)
(exchange sums)
=(−1)r−1Tl + (−1)r
l∑
s=1
TsHl−s (by the definition of Hk)
=0 (by the inductive assumption).
We complete the proof. 
Suppose that π : P(E) → X is the projective vector bundle associated to a holomorphic
bundle E of rank r over a complex manifold X, E is a locally free sheaf of OX-modules of
finite rank and Φ is a paracompactifying family of supports. Let t ∈ A1,1(P(E)) be a Chern
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form of the universal line bundle OP(E)(−1) over P(E). Notice that dt = 0, i.e., ∂t = ∂¯t = 0.
The morphism
r−1∑
i=0
π∗(•) ∧ ti defines
r−1⊕
i=0
ΓΦ
(
X, E ⊗ A•−i,•−iX
)
→ Γpi−1Φ
(
P(E), π∗E ⊗ A•,•
P(E)
)
. (4.6)
By Lemma 4.3,
G−it,Φ(•) =
r−1−i∑
j=0
Pi+j(π∗t
r, ...., π∗t
2r−2) ∧ π∗(tj ∧ •)
defines Γpi−1Φ
(
P(E), π∗E ⊗ A•,•
P(E)
)
→ ΓΦ
(
X, E ⊗ A•−i,•−iX
)
for 0 ≤ i ≤ r−1. The morphism
(G0t,Φ(•), G−1t,Φ(•), ..., G−r+1t,Φ (•)) defines
Γpi−1Φ
(
P(E), π∗E ⊗ A•,•
P(E)
)
→
r−1⊕
i=0
ΓΦ
(
X, E ⊗ A•−i,•−iX
)
. (4.7)
Denote (4.6) and (4.7) by µEΦ and τ
E
Φ respectively. Now we prove
τEΦ ◦ µEΦ = id. (4.8)
Clearly, π∗t
i = 0, for 0 ≤ i ≤ r − 2. Moreover, π∗tr−1 = (−1)r−1. Actually, π∗tr−1 is a
d-closed smooth 0-form on X, hence a constant. For any x ∈ X,
π∗t
r−1 =
∫
P(Ex)
tr−1|P(Ex) =
∫
Pr−1
c1(OPr−1(−1))r−1 = (−1)r−1.
For αp−i,q−i ∈ ΓΦ
(
X, E ⊗ A•−i,•−iX
)
, 0 ≤ i ≤ r − 1, we have
π∗(t
j ∧ µEΦ(αp,q, αp−1,q−1, ..., αp−r+1,q−r+1)) =
r−1∑
l=r−1−j
π∗t
j+l ∧ αp−l,q−l (4.9)
by (3.11). Then
G−it,Φ ◦ µEΦ(αp,q, αp−1,q−1, ..., αp−r+1,q−r+1)
=
r−1−i∑
j=0
r−1∑
l=r−1−j
Pi+j(π∗t
r, ...., π∗t
2r−2) ∧ π∗tj+l ∧ αp−l,q−l (by (4.9))
=
r−1∑
l=i
 r−1−i∑
j=r−1−l
Pi+j(π∗t
r, ...., π∗t
2r−2) ∧ π∗hj+l
 ∧ αp−l,q−l (exchange sums)
=
r−1∑
l=i
Hl−i(π∗t
r, ...., π∗t
2r−2) ∧ αp−l,q−l (by the definition of Hk)
=αp−l,q−l, (by Lemma 4.4)
i.e.,
G−it,Φ ◦ µEΦ = pri (4.10)
for any 0 ≤ i ≤ r − 1, where pri :
r−1⊕
i=0
ΓΦ
(
X, E ⊗ A•−i,•−iX
)
→ ΓΦ
(
X, E ⊗ A•−i,•−iX
)
is the
i-th projection. So τEΦ ◦ µEΦ = id.
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Denote by h ∈ H1,1(P(E)) the Dolbeault class of t and denote by G−ih,Φ(•) the morphism
H•,•
pi−1Φ
(P(E), π∗E) → H•−i,•−iΦ (X, E)) induced by G−it,Φ(•) for 0 ≤ i ≤ r − 1. Denote by
µEDol,Φ and τ
E
Dol,Φ the morphisms on twisted Dolbeault cohomologies induced by µ
E
Φ and τ
E
Φ
respectively. We have
Proposition 4.5. µEDol,Φ and τ
E
Dol,Φ are inverse isomorphisms.
Proof. For every x ∈ X, 1, h,. . . , hr−1 restricted to the fibre π−1(x) = P(Ex) freely linearly
generate H•,•(P(Ex)). By Theorem 4.2, µ
E
Dol,Φ is an isomorphism. By (4.8), we easily
conclude it. 
4.4. Blow-up formulae. Let X be a complex manifold and i : Y → X the inclusion of a
complex submanifold Y into X. Suppose that Φ is a paracompactifying family of supports
on X. For any p, q, set Fp,qX,Y = ker(Ap,qX → i∗Ap,qY ). There is an exact sequence of sheaves
0→ Fp,qX,Y → Ap,qX → i∗Ap,qY → 0 (4.11)
for any p ([29, Sect. 4.2] or [21, Sect. 4]). Define FpX,Y = ker(∂¯ : Fp,0X,Y → Fp,1X,Y ). There is an
exact sequence
0 // FpX,Y
i
// Fp,0X,Y
∂¯
// Fp,1X,Y
∂¯
// · · · ∂¯ // Fp,nX,Y // 0, (4.12)
see [29, Sect. 4.2] or [21, Sect. 4]. Since FpX,Y is a sheaf of C∞X -modules, it is Φ-soft by [4, II.
9.16], so (4.12) is a resolution of Φ-soft sheaves of FpX,Y .
Suppose that E is a locally free sheaf of OX -modules of finite rank on X. We get an exact
sequence of sheaves
0 // E ⊗ Fp,qX,Y // E ⊗ Ap,qX // i∗(i∗E ⊗ Ap,qY ) // 0
by (4.11) and the projection formula of sheaves. Since E ⊗ Fp,qX,Y is Φ-soft,
0 // ΓΦ(X, E ⊗ Fp,qX,Y ) // ΓΦ(X, E ⊗ Ap,qX )
i∗
// ΓΦ|Y (Y, i
∗E ⊗ Ap,qY ) // 0 (4.13)
is exact.
Go back to the cases of complex blow-ups. Suppose that π : X˜ → X is the complex
blow-up of a complex manifold X along a complex submanifold Y of complex codimension r
with the exceptional divisor E. By [21, Lemma 4.2],
Rqπ∗(π
∗E ⊗ Fp
X˜,E
) = E ⊗Rqπ∗Fp
X˜,E
=

E ⊗ FpX,Y , q = 0,
0, q ≥ 1.
By [4, IV. 6.1], π∗ induces an isomorphism
HqΦ(X, E ⊗ FpX,Y ) ∼= Hqpi−1Φ(X˜, π∗E ⊗ FpX˜,E).
For a given p, we have a commutative diagram of exact sequences of complexes
0 // ΓΦ(X, E ⊗ Fp,•X,Y )
pi∗

// ΓΦ(X, E ⊗ Ap,•X )
pi∗

i∗Y
// ΓΦ|Y (Y, i
∗
Y E ⊗ Ap,•Y )
(pi|E)
∗

// 0
0 // Γpi−1Φ(X˜, π
∗E ⊗ Fp,•
X˜,E
) // Γpi−1Φ(X˜, π
∗E ⊗ Ap,•
X˜
)
i∗E
// Γ(pi−1Φ)|E (E, i
∗
Eπ
∗E ⊗ Ap,•E ) // 0.
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It induces a commutative diagram of long exact sequences
· · ·HqΦ(X, E ⊗ F
p
X,Y )
∼=

// Hp,qΦ (X, E)
pi∗

i∗
Y
// Hp,q
Φ|Y
(Y, i∗Y E)
(pi|E )
∗

// Hq+1Φ (X, E ⊗ F
p
X,Y ) · · ·
∼=

· · ·Hq
pi−1Φ
(X˜, pi∗E ⊗ Fp
X˜,E
) // Hp,q
pi−1Φ
(X˜, pi∗E)
i∗
E
// Hp,q
(pi−1Φ)|E
(E, i∗Epi
∗E) // Hq+1
pi−1Φ
(X˜, pi∗E ⊗ Fp
X˜,E
) · · · .
By Proposition 3.8, π∗ is injective. By Proposition 4.5, (π|E)∗ is injective. By the snake-
lemma, i∗E induces an isomorphism cokerπ
∗→˜coker(π|E)∗. We get a commutative diagram of
exact sequences
0 // Hp,qΦ (X, E)
i∗Y

pi∗
// Hp,q
pi−1Φ
(X˜, π∗E)
i∗E

// cokerπ∗
∼=

// 0
0 // Hp,q
Φ|Y
(Y, i∗Y E)
(pi|E)
∗
// Hp,q
(pi−1Φ)|E
(E, i∗Eπ
∗E) // coker(π|E)∗ // 0,
(4.14)
for any p, q.
Denote (1.1) and (1.2) by ψEDol,Φ and φ
E
Dol,Φ respectively.
4.4.1. φEDol,Φ is an isomorphism. By (3.12), π∗π
∗ = id, namely, the upper row of (4.14) is a
splitting sequence. So (π∗, i
∗
E) gives an isomorphism
Hp,q
pi−1Φ
(X˜, π∗E)→˜Hp,qΦ (X, E) ⊕ coker(π|E)∗.
By Proposition 4.5, it is
Hp,q
pi−1Φ
(X˜, π∗E)→ Hp,qΦ (X, E)⊕
r−1⊕
i=1
Hp−i,q−iΦ|Y (Y, i
∗
Y E)
α 7→ (π∗α,αp−1,q−1, . . . , αp−r+1,q−r+1), (4.15)
where αp−i,q−i ∈ Hp−i,q−iΦ|Y (Y, i∗Y E) for 0 ≤ i ≤ r − 1 satisfy
i∗Eα =
r−1∑
i=0
hi ∪ (π|E)∗αp−i,q−i.
By Proposition 4.5, αp−i,q−i = G−ih,Φ ◦ i∗E(α) for 0 ≤ i ≤ r − 1. So (4.15) is just φEDol,Φ.
Remark 4.6. On compact complex manifolds, the expression (4.15) was first obtained in [29,
Sect. 5.2] for Φ = cltX . The compactness of X is necessary there, since the finiteness of
dimensions of cohomologies was used.
4.4.2. ψEDol,Φ is an isomorphism.
Lemma 4.7. Let π : X˜ → X be the complex blow-up of X along a complex submanifold Y with
the exceptional divisor E. Assume that Y has a holomorphically contractible neighborhood in
X. Then the composite map
H•,•
(pi−1Φ)|E
(E)
iE∗
// H•+1,•+1
pi−1Φ
(X˜)
i∗E
// H•+1,•+1
(pi−1Φ)|E
(E)
is h ∪ •, where h is the Dolbeault class of a Chern form of the universal line bundle OE(−1)
over E and iE : E → X˜ is the inclusion.
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Proof. Let U be a neighborhood of Y with a holomorphic map τ : U → Y such that τ ◦ lY =
idY , where lY : Y → U is the inclusion. Denote by lE : E → U˜ and by j : U˜ → X˜ the
inclusions. Set U˜ = π−1(U). By (4.14), l∗E induces a surjective map
Hp,q(U˜ )→ Hp,q(E)/(π|E)∗Hp,q(Y ).
Since (π|E)∗Hp,q(Y ) = l∗E(π|U˜ )∗τ∗Hp,q(Y ) ⊆ Iml∗E, l∗E : Hp,q(U˜)→ Hp,q(E) is surjective. For
any α ∈ Hp,q(E), α = l∗Eβ for some β ∈ Hp,q(U˜ ). Denote by TE the current on U˜ defined by
the integral along the divisor E. Clearly, lE∗(1) = TE. By the Lelong-Poincare´ equation (see
[9, p. 271 (13.2), (13.5)]),
TE =
i
2π
Θ(OU˜ (E)) + ∂¯∂T
for some T ∈ D′0,0(U˜ ), where Θ(O
U˜
(E)) denotes a Chern form of O
U˜
(E). By (3.12), lE∗α =
lE∗l
∗
Eβ = lE∗(1) ∪ β. So
l∗E lE∗α = l
∗
E [
i
2π
Θ(O
U˜
(E))] ∪ α = h ∪ α, (4.16)
where we used the fact that OE(−1) = OU˜ (E)|E .
For any σ ∈ H•,•
(pi−1Φ)|E
(E) = H•,•
(pi|E)−1(Φ|Y )
(E), there exists αi ∈ H•−i,•−iΦ|Y (Y ) for 0 ≤
i ≤ r − 1 such that σ =
r−1∑
i=0
hi ∪ (π|E)∗αi by Proposition 4.5. Let ui ∈ A•−i,•−iΦ|Y (Y ) be a
representative of αi. Set Ω = j
−1π−1Φ ∩ (π|
U˜
)−1τ−1(Φ|Y ). By Proposition 2.1 (3) − (6), Ω
is a paracompactifying family of supports on U˜ . By Proposition 2.1 (1) (2),
(π|E)−1(Φ|Y ) = l−1E
(
j−1π−1Φ
)
= l−1E
(
(π|
U˜
)−1τ−1(Φ|Y )
)
= l−1E Ω. (4.17)
Since supp
(
ti ∧ (π|E)∗ui
) ∈ (π|E)−1(Φ|Y ),
supp
(
lE∗(t
i ∧ (π|E)∗ui)
) ∈ j−1π−1Φ ∩ (π|
U˜
)−1τ−1(Φ|Y ) = Ω.
Then
l∗E[lE∗(t
i ∧ (π|E)∗ui)]j−1pi−1Φ =l∗E [lE∗(ti ∧ (π|E)∗ui)]Ω (by (4.17) and (3.9))
=l∗E [lE∗(t
i ∧ (π|E)∗ui)](pi|
U˜
)−1τ−1(Φ|Y ) (by (4.17) and (3.9))
=l∗E [lE∗t
i ∧ (π|U˜ )∗τ∗ui](pi|U˜ )−1τ−1(Φ|Y ) (by (3.11))
=l∗E
(
lE∗h
i ∪ [(π|
U˜
)∗τ∗ui](pi|
U˜
)−1τ−1(Φ|Y )
)
=hi+1 ∪ (π|E)∗αi. (by (4.16))
Since the support of lE∗(t
i ∧ (π|E)∗ui) is closed in X˜, j∗lE∗(ti ∧ (π|E)∗ui) is defined well and
is just iE∗(t
i ∧ (π|E)∗ui). By (3.7),
j∗iE∗(t
i ∧ (π|E)∗ui) = lE∗(ti ∧ (π|E)∗ui). (4.18)
Then
i∗EiE∗
(
hi ∪ (π|E)∗αi
)
=i∗EiE∗[t
i ∧ (π|E)∗ui](pi−1Φ)|E
=l∗E [j
∗iE∗(t
i ∧ (π|E)∗ui)]j−1pi−1Φ
=l∗E [lE∗(t
i ∧ (π|E)∗ui)]j−1pi−1Φ (by (5.9))
=hi+1 ∪ (π|E)∗αi.
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So i∗EiE∗σ =
r−1∑
i=0
hi+1 ∪ (π|E)∗αi = h ∪ σ. 
With the similar proof of [21, Proposition 4.5], we have
Lemma 4.8. Suppose that Y has a holomorphically contractible neighborhood in X. Then
ψOXDol,Φ is an isomorphism.
Proof. Suppose that π∗α +
r−1∑
i=1
iE∗
(
hi−1 ∪ (π|E)∗βi
)
= 0, where α ∈ H•,•Φ (X) and βi ∈
H•−i,•−i
Φ|Y
(Y ) for 1 ≤ i ≤ r − 1. Pull it back by i∗E , we get
(π|E)∗i∗Y α+
r−1∑
i=1
hi ∪ (π|E)∗βi = 0
by Lemma 4.7. By Proposition 4.5, βi = 0 for all i. So π
∗α = 0. By Proposition 3.8, π∗ is
injective, which implies that α = 0. Then ψOXDol,Φ is injective.
For any γ ∈ H•,•
pi−1Φ
(X˜), by Proposition 4.5, there exist βi ∈ H•−i,•−iΦ|Y (Y ) for 0 ≤ i ≤ r − 1
such that i∗Eγ =
r−1∑
i=0
hi ∪ (π|E)∗βi. By Lemma 4.7,
i∗E
[
γ −
r−1∑
i=1
iE∗
(
hi−1 ∪ (π|E)∗βi
)]
= (π|E)∗β,
which is zero in coker(π|E)∗. By (4.14),
γ −
r−1∑
i=1
iE∗
(
hi−1 ∪ (π|E)∗βi
)
= π∗α,
for some α ∈ H•,•Φ (X). So ψOXDol,Φ is surjective.
We complete the proof. 
Set
F•,• = (E ⊗ A•,•X )⊕
r−1⊕
i=1
iY ∗(i
∗
Y E ⊗ A•,•Y )[−i,−i].
and G•,• = π∗E ⊗D′•,•
X˜
. Let t ∈ A1,1(E) be a Chern form of the universal line bundle OE(−1)
over E. Set U˜ = π−1(U) for any open subset U ⊆ X. Notice that (π−1Φ)|U˜ = (π|U˜ )−1(Φ|U ).
Define a morphism
ΓΦ|U (U,F•,•) = ΓΦ|U (U, E ⊗ A•,•X )⊕
r−1⊕
i=1
ΓΦ|Y∩U (Y ∩ U, i∗Y E ⊗ A•−i,•−iY )
→Γ(pi|
U˜
)−1(Φ|U )(U˜ , π
∗E ⊗ D′•,•
X˜
) = Γ(pi−1Φ)|
U˜
(U˜ ,G•,•)
of double complexes as
ψ
E|U
Φ|U
= (π|
U˜
)∗ +
r−1∑
i=1
i
E∩U˜∗
◦ (ti−1|
E∩U˜
∧) ◦ (π|
E∩U˜
)∗,
where iE∩U˜ : E ∩ U˜ → U˜ is the inclusion. On cohomologies, it induces a morphism
L•,•(U) := H•,•Φ|U (U, E)⊕
r−1⊕
i=1
H•−i,•−iΦ|Y ∩U (Y ∩ U, i∗Y E)→ K•,•(U˜ ) := H
•,•
(pi−1Φ)|
U˜
(U˜ , π∗E),
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which is just ψ
E|U
Dol,Φ|U
. Briefly set F •,•U = ψ
E|U
Dol,Φ|U
. Denote by P(U) the statement that F •,•U
is an isomorphism. The theorem is equivalent to say that P(X) holds.
Fisrt, we fix some notations. For the inclusion j : U → V of open sets in X, denote
by j˜ : U˜ →֒ V˜ and j′ : U ∩ Y → V ∩ Y the corresponding inclusions. Denote by J =
(j∗, j
′
∗, . . . , j
′
∗) : ΓΦ|U (U,F•,•)→ ΓΦ|V (V,F•,•) the extension by zero. Now, we go back to the
proof. Fix an integer p. For any open sets U , V ⊆ X, let j1 : U ∩ V → U , j2 : U ∩ V → V ,
j3 : U → U ∪ V , j4 : V → U ∪ V be inclusions. By Propositions 3.5 and 3.4, there is a
commutative diagram of exact sequences of complexes
0 // ΓΦ|U∩V (U ∩ V,F
p,•)
ψ
E|U∩V
Φ|U∩V

(J1,J2)
// ΓΦ|U (U,F
p,•)⊕ ΓΦ|V (V,F
p,•)
(ψ
E|U
Φ|U
,ψ
E|V
Φ|V
)

J3−J4
// ΓΦ|U∪V (U ∪ V,F
p,•)
ψ
E|U∪V
Φ|U∪V

// 0
0 // Γ(pi−1Φ)|
U˜∩V˜
(U˜ ∩ V˜ ,Gp,•)
(j˜1∗,j˜2∗)
// Γ(pi−1Φ)|
U˜
(U˜,Gp,•)⊕ Γ(pi−1Φ)|
V˜
(V˜ ,Gp,•)
j˜3∗−j˜4∗
// Γ(pi−1Φ)|
U˜∪V˜
(U˜ ∪ V˜ ,Gp,•) // 0.
Therefore, we have a commutative diagram
· · ·Lp,q(U ∩ V )
F
p,q
U∩V

// Lp,q(U)⊕ Lp,q(V )
(Fp,q
U
,F
p,q
V
)

// Lp,q(U ∪ V )
F
p,q
U∪V

// Lp,q+1(U ∩ V )
F
p,q+1
U∩V

// · · ·
· · ·Kp,q(U˜ ∩ V˜ ) // Kp,q(U˜)⊕Kp,q(V˜ ) // Kp,q(U˜ ∪ V˜ ) // Kp,q+1(U˜ ∩ V˜ ) // · · ·
of long exact sequences. If F p,qU , F
p,q
V and F
p,q
U∩V are isomorphisms for all p, q, then F
p,q
U∪V
are also isomorphisms for all p, q by the five-lemma. Thus P satisfies the Mayer-Vietoris
condition in Lemma 2.5. Let U be an E-free basis of the topology of X such that every
U ∈ U is Stein. For U1, . . ., Ul ∈ U,
l⋂
i=1
Ui is E-free and Y ∩
l⋂
i=1
Ui is Stein. By [12, Theorem
3.3.3], any Stein complex submanifold has a holomorphically contractible neighborhood. By
Lemma 4.8, F •,•U1∩...∩Ul = ψ
E|U1∩...∩Ul
Dol,Φ|U1∩...∩Ul
is an isomorphism, so P satisfies the local condition
in Lemma 2.5. Obviously, P satisfies the disjoint condition in Lemma 2.5. By Lemma 2.5,
P(X) holds.
We complete the proof.
Remark 4.9. In general, cltX |U 6= cltU for an open set U ⊆ X. We used a type of the Mayer-
Vietoris sequences (Proposition 3.5) here and used another type of the ones in the proof of
[21, Theorem 1.2] for Φ = cltX , where the later one seems difficult to be used to prove the
case with supports in a paracompactifying family Φ.
4.4.3. Relationship of (1.1) and (1.2). A natural question is:
Question 4.10. Are ψEDol,Φ and φ
E
Dol,Φ inverse to each other?
This question has an affirmative answer in the following case.
Proposition 4.11. Suppose that
i∗EiE∗σ = h ∪ σ (4.19)
holds for any σ ∈ H•,•
(pi−1Φ)|E
(E, i∗Eπ
∗E). Then ψEDol,Φ and φEDol,Φ are inverse isomorphisms.
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Proof. For αp,q ∈ Hp,qΦ (X, E) and βp−i,q−i ∈ Hp−i,q−iΦ|Y (Y, i∗Y E), 1 ≤ i ≤ r − 1,
i∗E(ψ
E
Dol,Φ(α
p,q, βp−1,q−1, . . . , βp−r+1,q−r+1)
=µEDol,Φ(i
∗
Y α
p,q, βp−1,q−1, . . . , βp−r+1,q−r+1)
by (4.19). Hence
G−ih,Φ ◦ i∗E
(
ψEDol,Φ(α
p,q, βp−1,q−1, . . . , βp−r+1,q−r+1
)
= βp−i,q−i
by (4.10), which implies that φEDol,Φ ◦ ψEDol,Φ = id, i.e., φEDol,Φ is the inverse isomorphism of
ψEDol,Φ. 
Proposition 4.12. Let Φ be a paracompactifying family of supports on X. Assume that one
of the following conditions is satisfied :
(1) X and Y are compact complex manifolds satisfying the ∂∂¯-lemma and Φ = cltX ,
(2) Y has a holomorphically contractible neighborhood in X,
(3) E has a holomorphically contractible neighborhood in X˜.
Then i∗EiE∗σ = h ∪ σ for any σ ∈ H•,•(pi−1Φ)|E (E).
Proof. If X and Y satisfy the ∂∂¯-lemma, so do E = P(NY/X) and X˜ (see [1, Corollary 3],
[32, Corollary 26] or [24, Theorems 1.1, 1.2]). Let t ∈ A1,1(E) be a Chern form of OE(−1).
Then h = [t]Dol and c1(OE(−1)) = [t]dR. Since OE(−1) = OX(E)|E , [t]dR = [E]|E . By
Proposition 5.4 (see Sect. 5.1), i∗EiE∗σ = [t]dR ∪ σ for any σ ∈ H•(E,C). The ∂∂¯-manifolds
satisfy Hodge decompositions, which concludes the first case. The second case is just Lemma
4.7. With some modification of the proof of Lemma 4.7, we prove the third case as follows:
LetW be a neighborhood of E with a holomorphic map τ : W → E such that τ ◦ lE = idE ,
where lE : E → W is the inclusion. Denote by j : W → X˜ the inclusion. Let u ∈
Γ(pi−1Φ)|E (E,A•,•E ) be any ∂¯-closed form. Set Ω = j−1π−1Φ∩ τ−1((π−1Φ)|E). By Proposition
2.1, Ω is a paracompactifying family of supports on W and
(π−1Φ)|E = l−1E
(
j−1π−1Φ
)
= l−1E
(
τ−1((π−1Φ)|E)
)
= l−1E Ω. (4.20)
Since suppu ∈ (π−1Φ)|E , supp (lE∗u) ∈ j−1π−1Φ ∩ τ−1((π−1Φ)|E) = Ω. By (4.20) and (3.9),
l∗E[lE∗u]j−1pi−1Φ = l
∗
E[lE∗u]Ω = l
∗
E [lE∗u]τ−1((pi−1Φ)|E). (4.21)
By (3.11), lE∗u = lE∗(1) ∧ τ∗u. So
l∗E[lE∗u]τ−1((pi−1Φ)|E) = l
∗
E
(
[lE∗(1)] ∪ [τ∗u]τ−1((pi−1Φ)|E)
)
= h ∪ [u](pi−1Φ)|E . (4.22)
Then
i∗EiE∗[u](pi−1Φ)|E =l
∗
E [j
∗iE∗u]j−1pi−1Φ
=l∗E [lE∗u]j−1pi−1Φ (by (3.7))
=h ∪ [u](pi−1Φ)|E . (by (4.21) and (4.22))

4.5. Applications.
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4.5.1. Conjugate local systems. Let (V, ·) be a complex vector space with the scalar multipli-
cation ·. The action c ∗ v = c¯ · v for any c ∈ C and v ∈ V defines the conjugate vector space
(V, ∗) of (V, ·). We shortly write (V, ·) and (V, ∗) as V and V respectively. Notice that V has
the same underlying space with V and the identity map V → V is a real isomorphism.
Let L be a local system of C-modules of finite rank on X. Set Γ(U,L) = Γ(U,L) for all
open set U ⊆ X, which define a local system of C-modules of finite rank on X. Suppose that
a trivialization L|U→˜U ×Cr is defined as
r∑
i=1
ci · vi(x) 7→ (x, c1, . . . , cr), where v1, . . . , vr is a
basis of Γ(U,L). Then
r∑
i=1
ci ∗ vi(x) 7→ (x, c1, . . . , cr) give a trivialization L|U→˜U × Cr. For
any open set U ⊆ X, s 7→ s for all s ∈ Γ(U,L) define a real isomorphism Γ(U,L)→ Γ(U,L),
which gives an isomorphism L→˜L of real local systems.
Suppose that X is a complex manifold. Then L ⊗CX Ap,qX = (L ⊗CX OX) ⊗OX Ap,qX and
L ⊗CX D′p,qX = (L ⊗CX OX) ⊗OX D′p,qX , where L ⊗CX OX is a locally free sheaf of OX -
modules. For a holomorphic map f : Y → X of complex manifolds, f−1L ⊗CX Ap,qY =
f∗(L⊗CX OX)⊗OY Ap,qY and f−1L⊗CX D′p,qY = f∗(L⊗CX OX)⊗OY D′p,qY . Mapping
r∑
i=1
vi⊗αi
to
r∑
i=1
vi ⊗ α¯i define L ⊗CX Ap,qX → L ⊗CX Aq,pX and L ⊗CX D′p,qX → L ⊗CX D′q,pX , which are
said to be the complex conjugation maps.
4.5.2. Projective bundle and blow-up formulae on the E1-level. We recall some notions of the
double complex and related structures, see [32, Sect. 2] for more details. All the double
complexes here are assumed to be of vector spaces over C and bounded.
Let (K•,•, ∂1, ∂2) be a double complex with two endomorphisms ∂1 , ∂2 of bidegree (1, 0)
and (0, 1), which satisfy that ∂i ◦∂i = 0 for i = 1, 2 and ∂1 ◦∂2+∂2 ◦∂1 = 0. For convenience,
we briefly write it as K•,• sometimes. Let ∂p,q1 : K
p,q → Kp+1,q and ∂p,q2 : Kp,q → Kp,q+1 be
the restrictions of ∂1 and ∂2 respectively. Recall the following constructions.
• The row and column cohomologies
Hp,q∂1 (K
•,•) = Hp(K•,q, ∂1) and H
p,q
∂2
(K•,•) = Hq(Kp,•, ∂2).
• The Bott-Chern and Aeppli cohomologies
Hp,qBC(K
•,•) =
ker∂p,q1 ∩ ker∂p,q2
im∂p−1,q1 ◦ ∂p−1,q−12
and Hp,qA (K
•,•) =
ker∂p,q+11 ◦ ∂p,q2
im∂p−1,q1 + im∂
p,q−1
2
.
A morphism of double complexes is called an E1-isomorphism, if it induces an isomorphism
on both row and column cohomologies. J. Stelzig obtained the following result.
Theorem 4.13 ([32, Corollary 13][31, Lemma 1.3]). Any E1-isomorphism of double com-
plexes induces isomorphisms on Bott-Chern and Aeppli cohomologies respectively.
Let X be a complex manifold and let L be a local system of C-modules of finite rank
on X. Set Ap,qΦ (X,L) = ΓΦ(X,L ⊗CX Ap,qX ) and D′p,qΦ (X,L) = ΓΦ(X,L ⊗CX D′p,qX ). Denote
by A•,•Φ (X,L) and D′•,•Φ (X,L) the double complexes (A•,•Φ (X,L), ∂, ∂¯) and (D′•,•Φ (X,L), ∂, ∂¯).
On column cohomologies, the inclusion i : A•,•Φ (X,L)→ D′•,•Φ (X,L) induces an isomorphism
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Hq
∂¯
(Ap,•Φ (X,L))→˜Hq∂¯(D
′p,•
Φ (X,L)), which are just Hp,qΦ (X,L⊗CX OX). Consider the commu-
tative diagram
Hq
∂¯
(Ap,•Φ (X,L))

// Hq
∂¯
(D′p,•Φ (X,L))

Hp∂(A
•,q
Φ (X,L)) // Hp∂(D′•,qΦ (X,L)),
where the horizontal maps are induced by the inclusion i and the vertical maps are defined
by complex conjugation maps. The vertical maps are real isomorphisms and the upper
map is an (complex) isomorphism, so the lower map is a real isomorphism. Since it is a
complex linear map, the lower map is an (complex) isomorphism, i.e., an isomorphism on
row cohomologies. Hence the inclusion i : A•,•Φ (X,L) → D′•,•Φ (X,L) is an E1-isomorphism.
By Theorem 4.13, the Bott-Chern cohomologies of A•,•Φ (X,L) and D′•,•Φ (X,L) coincide with
each other via the inclusion, which are both denoted by Hp,qBC,Φ(X,L). Similarly, we write
their Aeppli cohomologies as Hp,qA,Φ(X,L).
Let π : P(E)→ X be the projective bundle associated to a holomorphic bundle E of rank
r over a complex manifold X and let L be a local system of C-modules of finite rank on X.
Denote by t ∈ A1,1(P(E)) a Chern form of the universal line bundle OP(E)(−1) over P(E).
By Proposition 4.5, µ
L⊗CXOX
Dol,Φ and µ
L⊗CXOX
Dol,Φ are isomorphisms. By similar arguments with
those of i, µ
L⊗CXOX
Φ :
r−1⊕
i=1
A•,•Φ (X,L)[−i,−i] → A•,•pi−1Φ(P(E), π−1L) is an E1-isomorphism.
Similarly, τ
L⊗CXOX
Φ is an E1-isomorphism. Denote by µ
L
BC,Φ, τ
L
BC,Φ the morphisms on Bott-
Chern cohomologies and by µLA,Φ, τ
L
A,Φ the morphisms on Aeppli cohomologies induced by
µ
L⊗CXOX
Φ and τ
L⊗CXOX
Φ . By Theorem 4.13, µ
L
BC,Φ, τ
L
BC,Φ, µ
L
A,Φ, τ
L
A,Φ are isomorphisms. As
Proposition 4.5, we easily check that µLBC,Φ and τ
L
BC,Φ, µ
L
A,Φ and τ
L
A are inverse isomorphisms.
We summarize these results as follows.
Proposition 4.14. µ
L⊗CXOX
Φ and τ
L⊗CXOX
Φ are E1-isomorphisms. Moreover, µ
L
BC,Φ and
τLBC,Φ, µ
L
A,Φ and τ
L
A,Φ are inverse isomorphisms.
Let π : X˜ → X be the complex blow-up of a complex manifold X along a complex
submanifold Y with the exceptional divisor E. Suppose that E is a locally free sheaf of
OX-module of finite rank on X. Denote by iE : E → X˜ the inclusion. Let t ∈ A1,1(E)
be a Chern form of the universal line bundle OE(−1) on E = P(NY/X). The morphism
π∗ +
r−1∑
i=1
iE∗
(
ti−1 ∧ (π|E)∗(•)
)
defines
ΓΦ(X, , E ⊗ A•,•X )⊕
r−1⊕
i=1
ΓΦ|Y (Y, i
∗
Y E ⊗ A•−i,•−iY )→ Γpi−1Φ(X˜, π∗E ⊗ D′•,•X˜ ). (4.23)
The morphism
(
π∗(•), G−1t,Φ ◦ i∗E(•), ..., G−r+1t,Φ ◦ i∗E(•)
)
defines
Γpi−1Φ(X˜, π
∗E ⊗ A•,•
X˜
)→ ΓΦ(X, , E ⊗ D′•,•X )⊕
r−1⊕
i=1
ΓΦ|Y (Y, i
∗
Y E ⊗ A•−i,•−iY ). (4.24)
Denote (4.23) and (4.24) by ψEΦ and φ
E
Φ respectively. Denote by ψ
L
BC,Φ, φ
L
BC,Φ the morphisms
on Bott-Chern cohomologies and denote by ψLA,Φ, φ
L
A,Φ the morphisms on Aeppli cohomologies
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induced by ψ
L⊗CXOX
Φ and φ
L⊗CXOX
Φ . As Proposition 4.14, we have the following result by
Theorems 1.1 and 4.13.
Proposition 4.15. ψ
L⊗CXOX
Φ and φ
L⊗CXOX
Φ are E1-isomorphisms. Moreover, ψ
L
BC,Φ, φ
L
BC,Φ,
ψLA,Φ, φ
L
A,Φ are isomorphisms.
Remark 4.16. On compact complex manifolds, S. Yang, X.-D. Yang [38, Theorem 1.2] and J.
Stelzig [31, Corollary 12, Theorem 23] [32, Proposition 4, Theorem 8] showed the existence of
the isomorphism Hp,qBC(X)⊕
r−1⊕
i=1
Hp−i,q−iBC (Y )
∼= Hp,qBC(X˜), which was not expressed explicitly.
Question 4.17. Are ψLBC,Φ and φ
L
BC,Φ (resp. ψ
L
A,Φ and φ
L
A,Φ) inverse to each other?
Analogue to Proposition 4.11, if i∗EiE∗(•) = hBC ∪ • (resp. i∗EiE∗(•) = hA ∪ •) holds on
H•,•
BC,(pi−1Φ)|E
(E, (πE)
−1(L|Y )) (resp. H•,•A,(pi−1Φ)|E(E, (πE)−1(L|Y ))), ψLBC,Φ and φLBC,Φ (resp.
ψLA,Φ and φ
L
A,Φ) are inverse isomorphisms.
4.5.3. Hypercohomologies of truncated twisted holomorphic de Rham complexes. For a com-
plex F• of sheaves on a topological space X, set HkΦ(X,F•) = RkΓΦ(F•), which is called the
k-th hypercohomology with supports in Φ. Using the results in the earlier version [23] of the
present paper, we generalized several classical results for the hypercohomologies of truncated
twisted holomorphic de Rham complexes in [25]. Based on the present results, we can extend
them to the ones with supports in paracompactifying families. We only write out the blow-up
formula and give a detailed proof here.
Let X be an n-dimensional complex manifold and let L be a local system of C-modules
of finite rank on X. Given any integers s and t, the truncated twisted holomorphic de Rham
complex Ω
[s,t]
X (L) is defined as the zero complex if s > t and as the complex
0 // L ⊗CX ΩsX
∂
// L ⊗CX Ωs+1X
∂
// · · · ∂ // L ⊗CX ΩtX // 0 (4.25)
if s ≤ t, where L ⊗ ΩkX is placed in degree k for s ≤ k ≤ t and zeros are placed in other
degrees. In particular, Ω
[0,n]
X (L) = L ⊗CX Ω•X is the twisted holomorphic de Rham complex
on X and Ω
[p,p]
X (L) = (L ⊗CX Ωp•X )[−p], where Ωp•X denote the complex with ΩpX in degree 0
and zeros in other degrees.
Set
Sp,qX (L, s, t) =

L ⊗CX Ap,qX , s ≤ p ≤ t
0, others.
dp,q1 =

∂, s ≤ p < t
0, others
, dp,q2 =

∂¯, s ≤ p ≤ t
0, others.
Then (S•,•X (L, s, t), d1, d2) is a double complex of sheaves, which is shortly denoted by S•,•X (L, s, t).
Let S•X(L, s, t) be the simple complex associated to S•,•X (L, s, t). For any p ∈ Z, Ω[s,t]X (L)p →
(Sp,•X (L, s, t), dp,•2 ) given by the inclusion is a resolution of Ω[s,t]X (L)p. By [35, Lemma 8.5],
the inclusion gives a quasi-isomorphism Ω
[s,t]
X (L) → S•X(L, s, t) of complexes of sheaves.
Suppose that Φ is a paracompactifying family of supports on X. Set Sp,qΦ (X,L, s, t) =
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ΓΦ(X,Sp,qX (L, s, t)) and SpΦ(X,L, s, t) = ΓΦ(X,SpX (L, s, t)). The sheaf C∞X is Φ-soft ([4, II.
9.4]), so are SpX(L, s, t) by [4, II. 9.16]. Hence SpX(L, s, t) are Φ-acyclic by [4, II. 9.11]. By
[35, Proposition 8.12], the hypercohomology
H
k
Φ(X,Ω
[s,t]
X (L)) ∼= Hk(S•Φ(X,L, s, t)) (4.26)
for any k ∈ Z. For example, HkΦ(X,Ω[0,n]X (L)) ∼= HkΦ(X,L) andHkΦ(X,Ω[p,p]X (L)) ∼= Hp,k−pΦ (X,L⊗CX
OX).
Similarly, we can define T •,•X (L, s, t), T •X(L, s, t), T •,•Φ (X,L, s, t) and T •Φ(X,L, s, t), where
T p,qX (L, s, t) =

L⊗CX D′p,qX , s ≤ p ≤ t
0, others.
The inclusion gives a quasi-isomorphism Ω
[s,t]
X (L) → T •X(L, s, t) of complexes of sheaves.
There is an isomorphism
H
k
Φ(X,Ω
[s,t]
X (L)) ∼= HkΦ(T •(X,L, s, t)) (4.27)
for any k ∈ Z.
The following result extends [8, Question 10] and gives it a positive answer.
Theorem 4.18. Let π : X˜ → X be the complex blow-up of a complex manifold X along a
complex submanifold Y and L a local system of C-modules of finite rank on X. Denote by
iY : Y → X the inclusion and set r = codimCY ≥ 2. Suppose that Φ is a paracompactifying
family of supports on X. Then there exists an isomorphism
H
k
pi−1Φ(X˜,Ω
[s,t]
X˜
(π−1L)) ∼= HkΦ(X,Ω[s,t]X (L)) ⊕
r−1⊕
i=1
H
k−2i
Φ|Y
(Y,Ω
[s−i,t−i]
Y (L|Y )),
for any k, s, t.
Proof. Fix two integers s and t. Consider the complexes K•,•(s, t) = S•,•
pi−1Φ
(X˜, π−1L, s, t)
and
L•,•(s, t) = T •,•Φ (X,L, s, t)⊕
r−1⊕
i=1
T •,•Φ|Y (Y,L|Y , s− i, t− i)[−i,−i].
We have the first pages
KE
p,q
1 =H
q(Sp,•
pi−1Φ(X˜, π
−1L, s, t))
=

Hp,q
pi−1Φ
(
X˜, π∗(L ⊗CX OX)
)
, s ≤ p ≤ t
0, others,
LE
p,q
1 =H
q(T p,•Φ (X,L, s, t))⊕
r−1⊕
i=1
Hq−i(T p−i,•Φ|Y (Y,L|Y , s− i, t− i))
=

Hp,qΦ (X,L ⊗CX OX)⊕
r−1⊕
i=1
Hp−i,q−iΦ|Y (Y, i
∗
Y (L ⊗CX OX)), s ≤ p ≤ t
0, others
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of the spectral sequences associated to K•,•, L•,• respectively. Let t ∈ A1,1(E) be a first
Chern form of the universal line bundle OE(−1) on E ∼= P(NY/X) and let iE : E → X˜ be the
inclusion. By Theorem 1.1, the morphism
(π∗, G
−1
t,Φ ◦ i∗E , ..., G−r+1t,Φ ◦ i∗E) : K•,• → L•,•
induces an isomorphism KE
•,•
1 →L E•,•1 at E1-pages, hence induces an isomorphismHk(K•)→
Hk(L•) for any k, where K• and L• are the associated complex to K•,• and L•,• respectively.
By (4.26) and (4.27), Hk(K•) ∼= Hkpi−1Φ(X˜,Ω
[s,t]
X˜
(π−1L)) and
Hk(L•) ∼=HkΦ(X,Ω[s,t]X (L))⊕
r−1⊕
i=1
H
k−2i
Φ|Y
(Y,Ω
[s−i,t−i]
Y (L|Y )),
from which the theorem follows. 
5. Twisted de Rham cohomology with supports
5.1. General results. Suppose that F and G are sheaves of k-modules on topological spaces
X and Y respectively. The external tensor product of F and G is defined as
F ⊠ G = pr−11 F ⊗kX×Y pr−12 G,
where pr1 and pr2 are projections from X × Y onto X, Y , respectively.
Proposition 5.1. Let L, H be local systems of k-modules of finite ranks on smooth manifolds
X, Y respectively and let Φ be a family of supports on X. Suppose that H•(Y,H) has finite
dimension. Then (αp ⊗ βq)p+q=k 7→
∑
p+q=k
αp × βq gives an isomorphism
⊕
p+q=k
HpΦ(X,L) ⊗k Hq(Y,H)→ HkΦ×Y (X × Y,L⊠H).
Proof. Let U be a good covering of Y such that U is H-constant for any U ∈ U. Assume
that V ⊆ X is an L-constant open subset of X. The cartesian product gives an isomorphism
Γ(V,L)⊗C Γ(U,H) ∼= Γ(V × U,L ⊠H) for any H-constant open set U ⊆ Y . Then the Cˇech
complex Cˇ•(V ×U,L⊠H) = Γ(V,L)⊗C Cˇ•(U,H). Since V ×U and U are acyclic with respect
to L⊠H and H,
Hp(V × Y,L⊠H) = Hp(Cˇ•(V × U,L⊠H)) = Γ(V,L)⊗C Hp(Cˇp(U,H)) = Γ(V,L)⊗C Hp(Y,H).
So L ⊗C Hp(Y,H) is the sheaf associated to the presheaf W 7→ Hp(W × Y,L ⊠H) for any
open set W ⊆ X. Namely,
Rpπ∗(L⊠H) = L ⊗C Hp(Y,H), (5.1)
where π : X × Y → X is the first projection of X × Y onto X.
Define ΓΦ(X,L[p])⊗C Γ(Y,H[q])→ ΓΦ
(
X, (π∗((L ⊠H)[q]))[p]
)
as f ⊗ g 7→ h, where
h(ξ0, . . . , ξp; (x0, y0), . . . , (xq, yq)) = S(f(ξ0, . . . , ξp))(xq)⊗ g(y0, . . . , yq)
∈(F ⊠ G)(xq ,yq) = Fxq ⊗k Gyq
for any (ξ0, . . . , ξp; (x0, y0), . . . , (xq, yq)) ∈ Xp+1 × (X × Y )q+1. Using (5.1) instead of [9, IX.
5.22 (c)], we easily prove this theorem as Theorem 4.1. 
With the similar proof of Theorem 4.2, we have
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Theorem 5.2. Let π : E → X be a smooth fiber bundle over a smooth manifold X and let L
be a local system of k-modules of finite rank on X. Assume that there exist ei ∈ H•dR(E,k)
with degree ui for 1 ≤ i ≤ r such that their restrictions e1|Ex , . . . , er|Ex freely linearly generate
H•dR(Ex,k) for every x ∈ X. Then
r∑
i=1
π∗(•) ∪ ei :
r⊕
i=1
H•−uiΦ (X,L)→˜H•pi−1Φ(E, π−1L)
is an isomorphism for any paracompactifying family Φ of supports on X.
Let π : P(E)→ X be the complex projectivization of a complex vector bundleE of complex
rank r over a smooth manifold X and let t ∈ A2(P(E)) be a Chern form of the universal line
bundle OP(E)(−1) over P(E). Then P(E) is an orientable fiber bundle and tr−1 represents
a orientation of P(E) (see [14, VII., 7.4] for definitions). Define the pushforward π∗ as the
integral over the fiber, refer to [14, VII., 7.12]. Notice that X is not necessarily orientable
here. As those in Sect. 4.3, π∗t
i = 0 for 0 ≤ i ≤ r − 2 and π∗tr−1 = (−1)r−1. By [14, VII.,
Proposition X (3)], π∗ : A•(P(E))→ A•−2r(X) is a morphism of complexes.
Suppose that L is a local system of k-modules of finite rank on X and Φ is a para-
compactifying family of supports of X. Analogue to Sect. 3.1.3, we can further define
π∗ : Γpi−1Φ(P(E), π
−1L ⊗A•
P(E))→ ΓΦ(X,L ⊗A•−2rX ). By [14, VII., Proposition IX],
π∗(α ∧ π∗β) = π∗α ∧ β
for α ∈ Γpi−1Φ(P(E), π−1L⊗A•P(E)) and β ∈ ΓΦ(X,L ⊗A•X).
Put h = c1(OP(E)(−1)) ∈ H2dR(P(E),k) the first Chern class of OP(E)(−1). Denote by
µLdR,Φ the morphism
r−1∑
i=0
π∗(•) ∪ hi :
r−1⊕
i=0
H•−2iΦ (X,L)→ H•pi−1Φ(P(E), π−1L)
and by τLdR,Φ the morphism
(G0h,Φ(•), G−1h,Φ(•), ..., G−r+1h,Φ (•)) : H•pi−1Φ(P(E), π−1L)→
r−1⊕
i=0
H•−2iΦ (X,L),
where
G−ih,Φ(•) =
r−1−i∑
j=0
Pi+j(π∗h
r, ...., π∗h
2r−2) ∪ π∗(hj ∪ •) : H•pi−1Φ(P(E), π−1L)→ H•−2iΦ (X,L)
for 0 ≤ i ≤ r − 1. As Proposition 4.5, we have
Proposition 5.3. µLdR,Φ and τ
L
dR,Φ are inverse isomorphisms.
Now, we prove the self-intersection formula.
Proposition 5.4. Let Y be an oriented submanifold in an oriented smooth manifold X with
codimension r and L a local system of k-modules of finite rank on X. Denote by i : Y → X
the inclusion and by [Y ] ∈ HrdR(X,k) the fundamental class of Y in X. Suppose that Φ is a
paracompactifying family of supports on X. Then the composite map
H•Φ|Y (Y,L|Y )
i∗
// H•+rΦ (X,L)
i∗
// H•+rΦ|Y (Y,L|Y )
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is just [Y ]|Y ∪•. Moreover, if the normal bundle NY/X of Y in X has a complex vector bundle
structure, then [Y ]|Y = cr(NY/X) is the r-th Chern class of NY/X .
Proof. First, we have the following claim.
Claim 1. There exist an open neighborhood U of Y in X, a smooth map τ : U → Y and
an open covering U = {Uα} of U satisfying that L|Uα is constant, Uα ⊆ Wα := g−1(Uα) and
Y ∩Wα = Y ∩ Uα, where l : Y → U is the inclusion and g = l ◦ τ : U → U .
Let N be a tubular neighborhood of Y in X. Denote by τ the projection of the vector
bundle N onto Y and by l : Y → N the inclusion. Then τ ◦ l = idY . For any y ∈ Y , choose
an open neighborhood Vy ⊆ N of y such that L|Vy is constant. Set Uy = τ−1(Vy ∩ Y ) ∩ Vy,
which is an open neighborhood of y. Then
l ◦ τ(Uy) ⊆ l(Vy ∩ Y ) ⊆ Vy ∩ τ−1(Vy ∩ Y ) = Uy. (5.2)
Set U =
⋃
y∈Y
Uy. Clearly, Y ⊆ U . Still denote by l : Y → U the inclusion and by τ : U → Y
the projection. Set g = l ◦ τ : U → U . By (5.2), g(Uy) ⊆ Uy, i.e., Uy ⊆ g−1(Uy). Evidently,
g ◦ l = l. For any x ∈ Y ∩ g−1(Uy), x = l(x) = g ◦ l(x) = g(x) ∈ Uy, so x ∈ Y ∩ Uy. Hence
Y ∩ g−1(Uy) = Y ∩ Uy. Then U , τ and {Uy|y ∈ Y } satisfy the conditions in this claim.
Now, we choose U , τ and U as the ones in Claim 1. Denote by j : U → X the inclusion. Set
Ω = j−1Φ∩τ−1(Φ|Y ). By Proposition 2.1 (1) (2), l−1(j−1Φ) = Φ|Y , l−1(τ−1(Φ|Y )) = Φ|Y and
l−1Ω = l−1(j−1Φ)∩ l−1(τ−1(Φ|Y )) = Φ|Y . Since l is proper and l−1(L|U ) = l−1(g−1(L|U )) =
L|Y , l induces four pushforwards l∗ satisfying the commutative diagrams
ΓΩ(U,L|U ⊗D′•+rU ) _

ΓΦ|Y (Y,L|Y ⊗A•Y )
l∗ 33❣❣❣❣❣❣❣❣❣❣❣❣❣
l∗ ++
❲❲❲
❲❲❲
❲❲❲
❲❲❲
Γj−1Φ(U,L|U ⊗D′•+rU ),
ΓΩ(U, g
−1(L|U )⊗D′•+rU ) _

ΓΦ|Y (Y,L|Y ⊗A•Y )
l∗ 22❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
l∗ ,,
❳❳❳
❳❳❳
❳❳❳
❳❳❳
❳
Γτ−1(Φ|Y )(U, g
−1(L|U )⊗D′•+rU ),
where the vertical maps are inclusions. For clearness, the pushforwards in the first, second
diagrams are written as ′l∗,
′′l∗ respectively.
For any Uα ∈ U, denote by gα : Wα = g−1(Uα) → Uα the restriction of g. Since L|Uα
is a constant local system, (g−1(L|U ))|Wα = g−1α (L|Uα) is constant with the same rank with
L|Uα . Suppose that eα1 , . . ., eαm is a basis of Γ(Uα,L). Then g∗αeα1 , . . ., g∗αeαm is a basis of
Γ(Wα, g
−1(L|U )). Let u ∈ ΓΦ|Y (Y,L|Y ⊗A•Y ) be any closed form. Denote by lV : Y ∩V → V
the restriction of l for any open set V ⊆ U . On Y ∩ Uα, u =
m∑
i=1
l∗Uαe
α
i ⊗ uαi with uαi ∈
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Γ(Y ∩ Uα,A•Y ) for i = 1, . . .m. Meanwhile, u =
m∑
i=1
l∗Wα(g
∗
αe
α
i ) ⊗ uαi on Y ∩Wα = Y ∩ Uα,
since lUα = gα ◦ lWα . Then
′l∗u =
m∑
i=1
eαi ⊗ lUα∗uαi on Uα,
′′l∗u =
m∑
i=1
g∗αe
α
i ⊗ lWα∗uαi on Wα.
By Proposition 2.1, Ω is paracompactifying, so we may assume that ′′l∗u = v
′′ + dT ′′ for a
closed v′′ ∈ ΓΩ(U, g−1(L|U )⊗A•+rU ) and T ′′ ∈ ΓΩ(U, g−1(L|U )⊗D′•+r−1U ). On Wα, set v′′ =
m∑
i=1
g∗αe
α
i ⊗v′′αi and T ′′ =
m∑
i=1
g∗αe
α
i ⊗T ′′αi , where v′′αi ∈ Γ(Wα,A•+rU ) and T ′′αi ∈ Γ(Wα,D′•+r−1U ).
Set v′αi = v
′′α
i |Uα and T ′αi = T ′′αi |Uα . Then
Claim 2. {
m∑
i=1
eαi ⊗ v′αi on Uα| Uα ∈ U} and {
m∑
i=1
eαi ⊗ T ′αi on Uα| Uα ∈ U} respectively piece
together to give v′ ∈ ΓΩ(U,L|U ⊗ A•+rU ) and T ′ ∈ ΓΩ(U,L|U ⊗ D′•+r−1U ) satisfying that
′l∗u = v
′ + dT ′.
Assume that eαi =
m∑
j=1
cαβij e
β
j on Uα ∩ Uβ for the matrix
(
cαβij
)
1≤i,j≤m
∈ GLm(R). Clearly,
g∗αe
α
i =
m∑
j=1
cαβij g
∗
βe
β
j on Wα ∩Wβ. Let
(
dαβij
)
1≤i,j≤m
be the inverse matrix of
(
cαβij
)
1≤i,j≤m
.
Since v′′ is a global form on U , v′′αi =
m∑
j=1
dαβji v
′′β
j on Wα ∩Wβ, which implies that v′αi =
m∑
j=1
dαβji v
′β
j on Uα∩Uβ. Hence {
m∑
i=1
eαi ⊗ v′αi on Uα| Uα ∈ U} define v′ ∈ Γ(U,L|U ⊗A•+rU ) well.
Moreover,
suppv′ ∩ Uα =
m⋃
i=1
suppv′αi =
m⋃
i=1
(suppv′′αi ∩ Uα) = suppv′′ ∩ Uα,
so suppv′ = suppv′′ ∈ Ω, i.e., v′ ∈ ΓΩ(U,L|U ⊗A•+rU ). Similarly, T ′ ∈ ΓΩ(U,L|U ⊗ D′•+r−1U )
is defined well. Since Uα ⊆ Wα, lUα∗uαi = (lWα∗uαi )|Uα for any i. Notice that lWα∗uαi =
v′′αi + dT
′′α
i . So lUα∗u
α
i = v
′α
i + dT
′α
i for all i and α, which implies that
′l∗u = v
′ + dT ′. The
claim follows.
By (3.15),
l∗[′l∗u]j−1Φ = l
∗[′l∗u]Ω, (5.3)
l∗[′′l∗u]τ−1(Φ|Y ) = l
∗[′′l∗u]Ω. (5.4)
Since l∗Uαv
′α
i = l
∗
Wα
v′′αi and lUα = gα ◦ lWα ,
l∗v′ =
m∑
i=1
l∗Uαe
α
i ⊗ l∗Uαv′αi =
m∑
i=1
l∗Wαg
∗
αe
α
i ⊗ l∗Wαv′′αi = l∗v′′
on Y ∩ Uα = Y ∩Wα for all α, hence l∗v′ = l∗v′′. So
l∗[′l∗u]Ω = [l
∗v′]Φ|Y = [l
∗v′′]Φ|Y = l
∗[′′l∗u]Ω. (5.5)
By (5.3)-(5.5),
l∗[′l∗u]j−1Φ = l
∗[′′l∗u]τ−1(Φ|Y ). (5.6)
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By (3.13),
′′l∗u = l∗(l
∗τ∗u) = l∗(1) ∧ τ∗u ∈ Γτ−1(Φ|Y )(U, g−1(L|U )⊗D′•+rU ). (5.7)
Notice that l∗(1) is just the current on U defined by the integral along Y . We have [l∗(1)] =
[Y ]|U . Then
l∗[′′l∗u]τ−1(Φ|Y ) =l
∗[l∗(1) ∧ τ∗u]τ−1(Φ|Y ) (by (5.7))
=l∗
(
[l∗(1)] ∪ [τ∗u]τ−1(Φ|Y )
)
=[Y ]|Y ∪ [u]Φ|Y .
(5.8)
Since the support of l∗u is closed in X, j∗l∗u is defined well and is just i∗u. By (3.13),
j∗i∗u =
′ l∗u ∈ Γj−1Φ(U,L|U ⊗D′•+rU ). (5.9)
Then
i∗i∗[u]Φ|Y =l
∗[j∗i∗u]j−1Φ
=l∗[′l∗u]j−1Φ (by (5.9))
=[Y ]|Y ∪ [u]Φ|Y . (by (5.6) and (5.8))
Suppose that NY/X has a complex vector bundle structure and denote by e(NY/X) the
Euler class of NY/X . By [3, (20.10.6)], e(NY/X) = cr(NY/X) and by [3, Proposition 12.4],
e(NY/X) = [Y ]|Y . So cr(NY/X) = [Y ]|Y . We complete the proof. 
5.2. Generalized blow-ups. For convenience, still denote by X the zero section of the
vector bundle F over X.
5.2.1. Generalized blow-ups. Recall a McDuff’s construction [19, Definition 2.2] with a slight
modification as follows: For a submanifold Y of a smooth manifold X, assume that the
normal bundle N = NY/X is equipped with a complex vector bundle structure. Let U ⊆ N be
an open or a closed neighbourhood of the zero section Y of N and let l : U → X be a smooth
embedding of U onto an open or a closed neighbourhood W of Y with l|Y = idY . Such U
and l always exist (but not unique) by the tubular neighborhood theorem. Set N0 = N − Y
and OP(N)(−1)0 = OP(N)(−1)− P(N). There is a commutative diagram
OP(N)(−1)0
∼=

  // OP(N)(−1)
ϕ

ψ
// P(N)
p

N0
  // N
τ
// Y
, (5.10)
where ψ and ϕ are induced by the projections from OP(N)(−1) ⊆ P(N)×N onto P(N) and
N respectively. Set U˜ = ϕ−1(U) ⊆ OP(N)(−1). The composition of ϕ|U˜−P(N) and l|U−Y gives
a diffeomorphism φ : U˜ − P(N)→˜U − Y →˜W − Y . Define
X˜ = (X − Y ) ∪φ U˜ ,
whereW−Y ⊆ X−Y is identified with U˜−P(N) ⊆ U˜ via φ. Gluing the inclusionX−Y →֒ X
and l ◦ ϕ|
U˜
: U˜ → U → X via φ, we get a smooth map π : X˜ → X. The smooth manifold
X˜ and the map π : X˜ → X depends on the choices of the complex vector bundle structure
of NY/X and the embedding l : U → X. We say that π : X˜ → X is the generalized blow-up
of X along Y associated to the complex vector bundle structure of NY/X and the embedding
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l : U → X. Moreover, E = π−1(Y ) is said to be the exceptional divisor. Clearly, symplectic
blow-ups [19, Definition 2.2] and locally conformal symplectic blow-ups [36, Definition 3.4]
are generalized blow-ups.
The following lemma may be well known for experts and we don’t find the references. For
readers’ convenience, we will give a proof.
Lemma 5.5. Let F be a smooth vector bundle over a smooth manifold X. Then the normal
bundle NX/F is isomorphic to F over X.
Proof. Let Uα be a coordinate chart of X with a trivialization F |Uα ∼= Uα×Rr. Denote by gαβ
the translation functions of the vector bundle F over Uα ∩ Uβ. Suppose that x1α, . . . , xnα and
v1α, . . . , v
r
α are coordinates of Uα and R
r respectively. Then (v1β , . . . , v
r
β) = (v
1
α, . . . , v
r
α) · gαβ .
The tangent bundles TF |F |Uα and TX|Uα are linearly generated by ∂∂x1α , . . . ,
∂
∂xnα
, ∂
∂v1α
, . . . , ∂∂vrα
and ∂∂x1α
, . . . , ∂∂xnα
respectively. Hence NX/F |Uα is linearly generated by ∂∂v1α , . . . ,
∂
∂vrα
modulo
TX|Uα , which gives a natural trivialization NX/F |Uα→˜Uα × Rr. Under such trivializations,
the transition functions of NX/F is just gαβ on Uα ∩ Uβ . So NY/F ∼= F 
Lemma 5.6. Let F be a smooth fiber bundle over an oriented smooth manifold X. Assume
that there exists an open covering U with trivializations hU : F |U→˜U × Z for all U ∈ U
satisfying that:
(i) Z is a complex manifold
(ii) For any U , V ∈ U and any x ∈ U ∩ V , pr2 ◦ hUV (x, ·) : Z → Z is holomorphic, where
hUV = hV ◦ h−1U : (U ∩ V ) × Z→˜(V ∩ U) × Z and pr2 : (V ∩ U) × Z → Z is the second
projection.
Then F is orientable. In particular, a complex vector bundle F on an oriented smooth man-
ifold and its complex projectivization P(F ) are both orientable.
Proof. Let {Vµ|µ ∈ I} be an open covering of Z such that Vµ are holomorphic coordinate
charts for all µ ∈ I. Without loss of generality, assume that U = {Uα|α ∈ J} consists of
coordinate charts of X. Since X is orientable, we can choose coordinates x1α, . . . , x
n
α for
Uα such that det
(
∂xiβ
∂xjα
)
1≤i≤n
1≤j≤n
> 0 on Uα ∩ Uβ for any α, β ∈ J . Let z1µ = u1µ +
√−1v1µ,
. . . , zrµ = u
r
µ +
√−1vrµ be the holomorphic coordinates of Vµ. Set hαβ = hUαUβ . By the
assumption (ii),
∂(zkλ◦hαβ)
∂z¯lµ
= 0, i.e.,
∂(ukλ◦hαβ)
∂ulµ
=
∂(vkλ◦hαβ)
∂vlµ
and
∂(ukλ◦hαβ)
∂vlµ
= −∂(vkλ◦hαβ)
∂ulµ
. Notice
that xiβ ◦ hαβ is only dependent on x1α, . . . , xnα, hence
∂(xiβ◦hαβ)
∂ujµ
= 0 and
∂(xiβ◦hαβ)
∂vjµ
= 0.
Consider the coordinate charts
(
h−1Uα(Uα × Vµ), x1α, . . . , xnα, u1µ, . . . , urµ, v1µ, . . . , vrµ
)
for α ∈ J ,
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µ ∈ I of F . The Jacobi of hαβ is
det

(
∂(xiβ◦hαβ)
∂xjα
)
1≤i≤n
1≤j≤n
On×r On×r(
∂(ukλ◦hαβ)
∂xjα
)
1≤k≤r
1≤j≤n
(
∂(ukλ◦hαβ)
∂ulµ
)
1≤k≤r
1≤l≤r
(
∂(ukλ◦hαβ)
∂vlµ
)
1≤k≤r
1≤l≤r(
∂(vkλ◦hαβ)
∂xjα
)
1≤k≤r
1≤j≤n
(
∂(vkλ◦hαβ)
∂ulµ
)
1≤k≤r
1≤l≤r
(
∂(vkλ◦hαβ)
∂vlµ
)
1≤k≤r
1≤l≤r

=det
(
∂xiβ
∂xjα
)
1≤i≤n
1≤j≤n
· 22r · det

(
∂(ukλ◦hαβ)
∂zlµ
)
1≤k≤r
1≤l≤r
Or×r
−
(
∂(ukλ◦hαβ)
∂vlµ
)
1≤k≤r
1≤l≤r
(
∂(ukλ◦hαβ)
∂zlµ
)
1≤k≤r
1≤l≤r

=det
(
∂xiβ
∂xjα
)
1≤i≤n
1≤j≤n
·
∣∣∣∣∣∣det
(
∂(zkλ ◦ hαβ)
∂zlµ
)
1≤k≤r
1≤l≤r
∣∣∣∣∣∣
2
> 0,
where we use the fact that det
(
A B
−B A
)
= |det(A− iB)|2 for any r × r matrices A, B.
Hence F is orientable. 
Now, we consider the properties of generalized blow-ups.
Proposition 5.7. Let π : X˜ → X be a generalized blow-up of X along Y associated to a
complex vector bundle structure of NY/X and an embedding l : U → X. Denote by E its
exceptional divisor. They satisfy the properties:
(1) For any open set V ⊆ X, π : π−1(V )→ V is the generalized blow-up of V along Y ∩V
associated to the complex vector bundle structure of NY ∩V/V = NY/X |Y ∩V induced by NY/X
and the embedding l′ : l−1(V ) → V induced by l. In particular, π|
X˜−E
: X˜ − E → X − Y is
a diffeomorphism.
(2) The map π is surjective and proper.
(3) E is a submanifold of X˜ with codimension 2 and π|E : E → Y is diffeomorphic to the
complex projectivization P(NY/X) over Y .
(4) The normal bundle NE/X˜ is isomorphic to OE(−1) as smooth vector bundles over
E = P(NY/X) and hence NE/X˜ has a natural complex vector bundle structure induced by
OE(−1).
(5) Assume that U ′ ⊆ U is an open or a closed neighbourhood of the zero section of NY/X .
Let π′ : X˜ ′ → X be the blow-up of X along Y associated to the given complex vector bundle
structure of NY/X and the embedding l|U ′ : U ′ → X. Then X˜ ′ is diffeomorphic to X˜ over X.
(6) If X and Y are orientable, then X˜ and E are orientable.
Proof. Evidently, (1) holds and π is surjective by the definition. Assume that N , ϕ, ψ, φ,
U˜ and W are the ones in the definition of generalized blow-ups. Let T ⊆ W be a tubular
neighborhood of Y . Given a metric on the smooth vector bundle T over Y and denote by Tr,
T r the open, closed disc bundles with radius r respectively. Then X−T1/2 ⊆ X−Y and T 1 ⊆
W . For any compact set K ⊆ X, K∩ (X−T1/2) and (l◦ϕ|U˜ )−1(K∩T 1) are compact. Under
the quotient map (X−Y )⊔U˜ → X˜ , π−1(K) is the image of (K∩(X−T1/2))⊔(l◦ϕ|U˜ )−1(K∩T 1)
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and then is compact. Hence π is proper. We proved (2). By the definition, ψ restricts to a
diffeomorphism E = ϕ−1(Y )→˜P(N) over Y , which implies (3). By Lemma 5.5,
NE/X˜ = NE/U˜ = NP(N)/OP(N)(−1)
∼= OP(N)(−1),
i.e., (4) holds. For (5), gluing the identity id : X − Y → X − Y and the inclusion U˜ ′ =
ϕ−1(U ′) →֒ U˜ gives a diffeomorphism between X˜ ′ and X˜ over X. Assume that X and
Y are orientable. By Lemma 5.6, E = P(N) and then OP(N)(−1) are orientable, so is
U˜ ⊆ OP(N)(−1). Clearly, X − Y is orientable. Choose suitable orientations for OP(N)(−1)
and X−Y such that φ : U˜ −P(N)→˜W −Y preserves orientations, which gives an orientation
on X˜. We obtain (6). 
5.2.2. A class of generalized blow-ups. We recall the blow-up of a holomorphic ideal in a
smooth manifold defined in [2]. Denote by C∞X the sheaf of germs of complex valued smooth
functions on a smooth manifold X.
Definition 5.8. (1) ([2, Definition 3.1]) Let Y be a submanifold of a smooth manifold X
with codimension 2r for r ≥ 1. A holomorphic ideal for Y in X is an ideal sheaf IY ⊆ C∞X
satisfying that:
(i) IY |X−Y = C∞X |X−Y .
(ii) For any y ∈ Y , there exists an open neighborhood U of y and z1, . . ., zr ∈ IY (U),
such that IY |U is generated by z1, . . ., zr and z = (z1, . . . , zr) : U → Cr is a submersion with
z−1(o) = Y ∩ U .
(2) ([2, Definition 3.4]) A divisor on a smooth manifold X is an ideal sheaf I ⊆ C∞X which
can be locally generated by a single function and whose zero set is nowhere dense in X.
Suppose that f : Y → X is a smooth map of smooth manifolds and I is an ideal sheaf of
C∞X . Denote by f−1I ·C∞Y ⊆ C∞Y the image of the natural morphism f∗I = f−1I⊗f−1C∞X C∞Y →
f−1C∞X ⊗f−1C∞X C∞Y ∼= C∞Y induced by the inclusion I →֒ C∞X . For the inclusion j : U →֒ X
of an open set U , j−1I · C∞U = I|U . Assume that g : Z → Y is a smooth map of smooth
manifolds. By g∗f∗I ∼= (f ◦ g)∗I, we easily get
g−1(f−1I · C∞Y ) · C∞Z ∼= (f ◦ g)−1I · C∞Z . (5.11)
Definition 5.9 ([2, Definition 3.6]). Let IY be a holomorphic ideal for a submanifold Y in
a smooth manifold X. The blow-up of IY in X is defined as a smooth map π : X˜ → X
between smooth manifolds such that π−1IY ·C∞X˜ is a divisor on X˜ and the following universal
property holds: For any smooth map f : Z → X such that f−1IY · C∞Z is a divisor, there is
a unique smooth map g : Z → X˜ such that π ◦ g = f .
Theorem 5.10 ([2, Theorem 3.7]). Given a holomorphic ideal IY for a submanifold Y in
a smooth manifold X, there exists a unique blow-up π : X˜ → X of IY in X up to unique
isomorphism.
We have the following properties.
Proposition 5.11. Suppose that X is a smooth manifold and IY ⊆ C∞X is a holomorphic
ideal for a submanifold Y in X.
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(1) Let π : X˜ → X be the blow-up of IY in X.
(i) For any open set U ⊆ X, π|pi−1(U) : π−1(U)→ U is the blow-up of IY |U in U .
(ii) Assume that Z is a smooth manifold and pr2 : Z ×X → X is the second projection.
Then pr−12 IY ·C∞Z×X is a holomorphic ideal for Z×Y in Z×X and idZ ×π : Z× X˜ → Z×X
is the blow-up of pr−12 IY · C∞Z×X in Z ×X.
(2) Suppose that π : X˜ → X is a smooth map and U is an open covering of X such that
π|pi−1(U) : π−1(U) → U is the blow-up of IY |U in U for any U ∈ U. Then π : X˜ → X is the
blow-up of IY in X.
Proof. (1) (i) Evidently, (π|pi−1(U))−1(IY |U ) · C∞pi−1(U) = (π−1IY · C∞X˜ )|pi−1(U) is a divisor on
π−1(U). Suppose that jU : U → X and j˜U : π−1(U)→ X˜ are the inclusions. Let f : Z → U
be any smooth map of smooth manifolds such that f−1(IY |U ) · C∞Z is a divisor on Z. By
(5.11), (jU ◦f)−1IY · C∞Z = f−1(IY |U ) · C∞Z is a divisor on Z. By the universal property of the
blow-up π, there is a smooth map f˜1 : Z → X˜ such that π ◦ f˜1 = jU ◦ f . So f˜1(Z) ⊆ π−1(U).
Then f˜1 induces a smooth map f˜ : Z → π−1(U), i.e., j˜U ◦ f˜ = f˜1. Since jU is injective,
π|pi−1(U) ◦ f˜ = f . Let g : Z → π−1(U) be another smooth map such that π|pi−1(U) ◦ g = f .
Then π ◦ (j˜U ◦ g) = jU ◦ f . By the universal property of the blow-up π, j˜U ◦ g = f˜1, so g = f˜ .
(ii) By (5.11), (pr−12 IY · C∞Z×X)|Z×X−Z×Y = pr−12 (IY |X−Y ) · C∞Z×X = C∞Z×X . For any
(z, y) ∈ Z × Y , there exists an open neighborhood U of y and u1, . . . , ur ∈ IY (U) such
that IY |Y = 〈u1, . . . , ur〉 and u = (u1, . . . , ur) : U → Cr is a submersion with u−1(o) =
Y ∩ U . Set vi = pr∗2ui ∈ C∞Z×X(Z × U). Then (pr−12 IY · C∞Z×X)|Z×U = 〈v1, . . . , vr〉 and
v = (v1, . . . , vr) : Z ×U → Cr is a submersion with u−1(o) = Z × (Y ∩U). So pr−12 IY · C∞Z×X
is a holomorphic ideal for Z × Y in Z ×X. Let pr′1 and pr′2 be the projections from Z × X˜
onto Z and X˜ respectively. Since π−1IY · C∞X˜ is a divisor on X˜, so is (idZ × π)
−1(pr−12 IY ·
C∞Z×X) · C∞Z×X˜ = pr
′−1
2 (π
−1IY · C∞X˜ ) · C
∞
Z×X˜
on Z × X˜. Let f : M → Z ×X be any smooth
map of smooth manifolds such that f−1(pr−12 IY · C∞Z×Y ) · C∞M is a divisor on M . Then
(pr2 ◦ f)−1IY · C∞M = f−1(pr−12 IY · C∞Z×X) · C∞M is a divisor on M . By the universal property
of the blow-up π, there a unique smooth map f˜1 : M → X such that π ◦ f˜1 = pr2 ◦ f .
Define f˜ : M → Z × X˜ as m 7→ (pr1 ◦ f(m), f˜1(m)). Clearly, (idZ × π) ◦ f˜ = f . Suppose
that g : M → Z × X˜ is another smooth map satisfying that (idZ × π) ◦ g = f . Then
π ◦ (pr′2 ◦ g) = pr2 ◦ (idZ × π) ◦ g = pr2 ◦ f = π ◦ f˜1. So pr′2 ◦ g = f˜1 by the universal property
of the blow-up π. Moreover, pr′1 ◦ g = pr1 ◦ (idZ × π) ◦ g = pr1 ◦ f . Hence g = f˜ .
(2) By the assumption, (π−1IY · C∞X˜ )|pi−1(U) = (π|pi−1(U))
−1(IY |U ) · C∞pi−1(U) is a divisor on
π−1(U) for any U ∈ U, so is π−1IY · C∞X˜ on X˜. Let f : Z → X be any smooth map of smooth
manifolds such that f−1IY · C∞Z is a divisor on Z. By (5.11), (f |f−1(U))−1(IY |U ) · C∞f−1(U) =
(f−1IY · C∞f−1(U))|f−1(U) is a divisor on f−1(U). By the universal property of the blow-up
π|pi−1(U), there a unique smooth map f˜U : f−1(U) → π−1(U) such that π|pi−1(U) ◦ f˜U =
f |f−1(U). For any U , V ∈ U, π|pi−1(U∩V ) ◦ f˜U |f−1(U)∩f−1(V ) = f |f−1(U∩V ) and π|pi−1(U∩V ) ◦
f˜V |f−1(U)∩f−1(V ) = f |f−1(U∩V ). By (1) (i), π|pi−1(U∩V ) : π−1(U ∩ V )→ U ∩ V is the blow-up
of IY |U∩V in U ∩V . Notice that (f |f−1(U∩V ))−1(IY |U∩V ) ·C∞f−1(U∩V ) = (f−1IY ·C∞Z )|f−1(U∩V )
is a divisor on f−1(U ∩V ). So f˜U |f−1(U)∩f−1(V ) = f˜V |f−1(U)∩f−1(V ) by the universal property
of the blow-up π|pi−1(U). We obtain a smooth map f˜ : Z → X˜ satisfying that f˜ |f−1(U) = f˜U
for any U ∈ U. Clearly, π ◦ f˜ = f . Assume that g : Z → X˜ is another smooth map such that
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π ◦ g = f . By the universal property of the blow-up π|pi−1(U), g|f−1(U) = f˜U for any U ∈ U,
which implies that g = f˜ . 
M. Bailey, G. Cavalcanti and J. van der Leer Dura´n [2, p. 2114] defined a canonical
holomorphic ideal for the zero section in the normal bundle NY/X . We generalize their
definition on general complex vector bundles. Suppose that F is a complex vector bundle
over a smooth manifold X. A canonical holomorphic ideal I0,F for the zero section X in F is
constructed as follows: Suppose that U ⊆ X is an open set with a trivialization φU : F |U ∼=
U × Cr. Let z1, . . . , zr be the canonical holomorphic coordinates of Cr. For every i, zi can
be viewed as a complex valued smooth function on F |U via the projection U ×Cr → Cr. Set
IU = 〈z1, . . . , zr〉 ⊆ C∞F |U . On such two charts U and V , the generators of IU and the ones
of IV defined as above can represent each other via a translation matrix φV ◦ φ−1U of F over
U ∩ V . So IU |U∩V = IV |U∩V . Hence the definition of IU is independent of the choice of the
trivialization φU and {IU} define a ideal I0,F ⊆ C∞F such that I0,F |F |U = IU . Clearly, I0,F is
a holomorphic ideal for the zero section X.
Proposition 5.12. Let F be a complex vector bundle over a smooth manifold X.
(1) For any open set U ⊆ X, I0,F |F |U = I0,F |U .
(2) If F is a complex line bundle, I0,F is a divisor on F .
(3) Suppose that Y is a smooth manifold and pr2 : Y ×X → X is the second projection.
Denote by pr′2 the second projection of pr
∗
2F = Y × F → F . Then
pr′−12 I0,F · C∞pr∗2F = I0,pr∗2F . (5.12)
(4) The blow-up of I0,F in F is the projection ϕ : OP(F )(−1) → F . Moreover, ϕ−1I0,F ·
C∞OP(F )(−1) = I0,OP(F )(−1).
Proof. Clearly, (1) and (2) hold by the definition of I0,F . Let U ⊆ X be any open set with
a trivialization φU : F |U→˜U × Cr. There is the trivialization idY × φU : (pr∗2F )|Y ×U→˜Y ×
U × Cr. Denote by pr′′2 : U × Cr → Cr the second projection and by pr′′′3 : Y × U × Cr →
C
r the third projection. Let z1, . . . , zr be the canonical holomorphic coordinates of C
r.
Then I0,F |F |U = 〈z1, . . . , zr〉 and (I0,pr∗2F )|(pr∗2F )|Y×U = 〈z1, . . . , zr〉, where zi is viewed as
the complex valued smooth function on F |U via pr′′2 and on pr∗2F |Y×U via pr′′′3 respectively
for 1 ≤ i ≤ r. Evidently, (5.12) holds on (pr∗2F )|Y×U , so does (5.12) on pr∗2F . We proved
(3). Obviously, 〈z1, . . . , zr〉 ⊆ C∞Cr is a holomorphic ideal for the original point o in Cr.
By [33, Proposition 2.3.1], the blow-up of 〈z1, . . . , zr〉 in Cr is just the complex blow-up
ϕo : OCP r−1(−1)→ Cr of Cr along o, which is naturally induced by the projection CP r−1 ×
C
r → Cr. As we know, OCP r−1(−1) consists of ([w1, . . . , wr], (z1, . . . , zr)) ∈ CP r−1 × Cr
such that wizj = wjzi for 1 ≤ i, j ≤ r. Set Ui = {[w1, . . . , wr] ∈ CP r−1|wi 6= 0} for
1 ≤ i ≤ r. Then ([w1, . . . , wr], (z1, . . . , zr)) 7→ (u1, . . . , ûi, . . . , ur, t) = (w1wi , . . . ,
ŵi
wi
, . . . , wrwi , zi)
gives a trivialization OCP r−1(−1)|Ui→˜Ui ×C, where (u1, . . . , ûi, . . . , ur) is the coordinates of
Ui ∼= Cr−1. Then(
ϕ−1o 〈z1, . . . , zr〉 · C∞O
CPr−1(−1)
)
|O
CPr−1(−1)|Ui
= 〈u1t, . . . , ûit, . . . , urt, t〉 = 〈t〉.
By the definition,
ϕ−1o 〈z1, . . . , zr〉 · C∞O
CPr−1(−1)
= I0,O
CPr−1(−1)
. (5.13)
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By (2),
pr′′−12 〈z1, . . . , zr〉 · C∞U×Cr = I0,U×Cr . (5.14)
Hence idU × ϕo : OU×CP r−1(−1) = U ×OCP r−1(−1) → U × Cr is the blow-up of I0,U×Cr in
U × Cr by Proposition 5.11 (1) (ii). Denote by pr′2 : U × OCP r−1(−1) → OCP r−1(−1) the
second projection. Then
(idU × ϕo)−1I0,U×Cr · C∞OU×CPr−1(−1)
=(idU × ϕo)−1
(
pr′′−12 〈z1, . . . , zr〉 · C∞U×Cr
) · C∞OU×CPr−1(−1) (by (5.14))
=pr′−12
(
ϕ−1o 〈z1, . . . , zr〉 · C∞O
CPr−1(−1)
)
· C∞OU×CPr−1(−1) (by (5.11))
=pr′−12 I0,OCPr−1(−1) · C
∞
OU×CPr−1(−1)
(by (5.13))
=I0,OU×CPr−1(−1) (by (5.12)).
Via the diffeomorphism φU , ϕ|OP(F |U )(−1) : OP(F |U )(−1) → F |U is the blow-up of I0,F |U =
I0,F |F |U in F |U with (ϕ|OP(F |U )(−1))
−1I0,F |U · C∞OP(F |U )(−1) = I0,OP(F |U )(−1). By Proposition
5.11 (2), we get (4). 
If IY is a holomorphic ideal for Y , then the complexification of the conormal bundle of Y
in X has the decomposition N∗Y/X ⊗R C = N∗1,0Y/X ⊕N∗0,1Y/X , where N∗1,0Y/X,y = {(df)y| f ∈ IY,y}
and N∗0,1Y/X,y = {(df¯)y| f ∈ IY,y} for any y ∈ Y . Then N∗1,0Y/X gives a complex vector bundle
structure on N∗Y/X via the isomorphism N
∗
Y/X
∼= N∗1,0Y/X of smooth vector bundles. Hence the
normal bundle NY/X has a complex vector bundle structure, which is said to be the complex
vector bundle structure of NY/X induced by IY .
For complex vector bundles, Lemma 5.5 is strengthen as follows.
Lemma 5.13. Let F be a complex vector bundle over a smooth manifold X. Equip NX/F
with the complex vector bundle structure induced by I0,F . Then there exists an isomorphism
NX/F →˜F of complex vector bundles over X.
Proof. Let φU : F |U→˜U × Cr be a trivialization of F over an open set U ⊆ X given by the
sections e1, . . . , er of F |U , i.e., φU (
r∑
i=1
zi · ei(x)) = (x, z1, . . . , zr). For the complex vector
bundle structure induced by I0,F , N∗X/F |U = {df |f ∈ 〈z1, . . . , zr〉} = spanC{dz1, . . . , dzr},
where z1, . . . , zr are viewed as complex valued smooth functions on F |U . Define ΨU :
NX/F |U → F |U as
r∑
i=1
ai · ∂∂zi modulo TX|U 7→
r∑
i=1
ai · ei(x), which is an isomorphism of
complex vector bundles over U . Assume that f1, . . . , fr give a trivialization ΨV of F over an
open set V ⊆ X and ei =
r∑
j=1
gij · fj with gij ∈ C∞(U ∩ V ) for 1 ≤ i, j ≤ r on U ∩ V . Then
(x,w1, . . . , wr) = φV ◦ φ−1U (x, z1, . . . , zr) = (x,
r∑
i=1
zigi1(x), . . . ,
r∑
i=1
zigir(x)).
So
r∑
i=1
ai · ∂∂zi =
r∑
i,j=1
aigij · ∂∂wj modulo TX|U∩V , by which we easily check that {ΨU} give a
global isomorphism NX/F →˜F of complex vector bundles over X. 
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Example 5.14. (1) Let Y be a complex submanifold of a complex manifold X. Denote by
IY ⊆ C∞X the ideal generated by the holomorphic functions which vanish on Y . Clearly, IY
is a holomorphic ideal for Y . The blow-up of IY in X is just the classical complex blow-up
of X along Y , see [33, Proposition 2.3.1].
(2) Let Y be a generalized Poisson submanifold of a generalized complex manifold X.
There exists an canonical holomorphic ideal IY for Y ([2, Proposition 3.12]) and we can get
the blow-up X˜ of IY in X. Under suitable conditions, X˜ has a generalized complex structure
([2, Theorem 3.16]).
(3) Suppose that Y is a submanifold of X such that normal bundle NY/X has a complex
vector bundle structure and we choose a tubular embedding l : NY/X → X. Let IY,W ⊆ C∞W
be the ideal on W = l(NY/X) satisfying that I0,NY/X = l′−1IY,W , where l′ : NY/X → W is
the diffeomorphism induced by l. Since IY,W |W−Y = C∞W−Y , we obtain a sheaf IY ⊆ C∞X by
gluing IY,W and C∞X−Y . Clearly, IY is a holomorphic ideal for Y satisfying l−1IY = I0,NY/X .
Then the complex vector bundle structure of NY/X induced by IY coincides with the one of
NY/NY/X induced by I0,NY/X via the diffeomorphism l′, hence is just the given one by Lemma
5.13. Moreover, if Y is compact, such holomorphic ideal is unique up to (non-canonical)
diffeomorphism by [2, Corollary 3.3]. In such way, the blow-up of a compact generalized
Poisson transversal Y in a generalized complex manifold X is defined well, which carries a
generalized complex structure, see [2, Theorem 3.34].
Proposition 5.15. The blow-up of a holomorphic ideal for Y in X is a generalized blow-up
of X along Y .
Proof. Let IY be a holomorphic ideal for Y and let π : X˜ → X be the blow-up of IY in X.
Then N = NY/X has the complex vector bundle structure induced by IY . By [2, Proposition
3.2], there is a tubular embedding l : N → X such that l−1IY = I0,N . Set W = l(N). We
use the notations in the diagram (5.10). Let π′ : X˜ ′ = (X − Y ) ∪φ OP(N)(−1) → X be the
blow-up of X along Y associated to the complex vector bundle structure of N induced by
IY and the embedding l. Denote by [x] the class in X˜ ′ of x ∈ (X − Y ) ⊔ OP(N)(−1). Then
π′([x]) = x for x ∈ X − Y and π′([x]) = l ◦ ϕ(x) for x ∈ OP(N)(−1). Let l′ : N → W
be the diffeomorphism induced by l. Since l′−1(IY |W ) = I0,N , l′ ◦ ϕ : OP(N)(−1) → W is
the blow-up of IY |W in W with (l′ ◦ ϕ)−1(IY |W ) · C∞OP(N)(−1) = I0,OP(N)(−1) by Proposition
5.12 (4). By Proposition 5.11 (1) (i), π|pi−1(W ) : π−1(W ) → W is the blow-up of IY |W in
W . By Theorem 5.10, there exists a diffeomorphism a : π−1(W ) → OP(N)(−1) such that
(l′ ◦ ϕ) ◦ a = π|pi−1(W ). Define f : X˜ → X˜ ′ as f(x˜) = [π(x˜)] for x˜ ∈ π−1(X − Y ) and
f(x˜) = [a(x˜)] for x˜ ∈ π−1(W ). Obviously, f is defined well and π′ ◦ f = π. The restrictions
f : f−1
(
π′−1(X − Y )) = π−1(X − Y ) → π′−1(X − Y ) and f : f−1 (π′−1(W )) = π−1(W ) →
π′−1(W ) are induced by diffeomorphisms π−1(X−Y )→˜X−Y and a respectively, hence they
are both diffeomorphisms. Then f is a diffeomorphism over X. So π : X˜ → X is a generalized
blow-up. 
5.2.3. A proof of Theorem 1.2. By Proposition 5.7 (6), X˜ and E are oriented, so the push-
forward iE∗ is defined well. Set U = X − Y and U˜ = X˜ − E. By Proposition 5.7 (1),
π|
U˜
: U˜ → U is a diffeomorphism. By Proposition 2.3, there is a commutative diagram of
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long exact sequences
· · ·HkΦ|U (U,L)
(pi|
U˜
)∗∼=

// HkΦ(X,L)
pi∗

i∗Y
// HkΦ|Y (Y,L|Y )
(pi|E)
∗

// Hk+1Φ|U (U,L) · · ·
(pi|
U˜
)∗∼=

· · ·Hk(pi−1Φ)|
U˜
(U˜ , π−1L) // Hk
pi−1Φ(X˜, π
−1L) i
∗
E
// Hk(pi−1Φ)|E (E, (π
−1L)|E) // Hk+1(pi−1Φ)|
U˜
(U˜ , π−1L) · · · .
By (3.14), π∗π
∗ = id, so π∗ is injective. By the snake lemma, i∗E induces an isomorphism
cokerπ∗→˜coker(π|E)∗. We get a commutative diagram of short exact sequences
0 // HkΦ(X,L)
i∗Y

pi∗
// Hkpi−1Φ(X˜, π
−1L)
i∗E

// cokerπ∗
∼=

// 0
0 // HkΦ|Y (Y, i
−1
Y L)
(pi|E)
∗
// Hk(pi−1Φ)|E (E, i
−1
E π
−1L) // coker(π|E)∗ // 0.
(5.15)
By Proposition 5.7 (4), c1(NE/X˜) = h, hence i
∗
EiE∗(•) = h ∪ • on H•(pi−1Φ)|E (E, i
−1
E π
−1L) by
Proposition 5.4. With the similar proofs of Lemma 4.8 and Proposition 4.11, we easily show
that (1.4) and (1.6) are inverse isomorphisms. We prove Theorem 1.2.
Proposition 5.16. Let π : X˜ → X be a proper, surjective, preserving orientations, smooth
map of oriented smooth manifolds with degree one and let L be a local system of k-modules
of finite rank on X. Assume that the set E of critical points of π and Y = π(E) are (not
necessarily orientable) smooth manifolds. Then there exists an short exact sequence
0 // HkΦ(X,L)
(pi∗,i∗Y )
// Hk
pi−1Φ(X˜, π
−1L)⊕HkΦ|Y (Y,L|E)
i∗E−pi|
∗
E
// Hk(pi−1Φ)|E (E, i
−1
E π
−1L) // 0
for any k, where iY : Y → X and iE : E → X are inclusions.
Proof. With the same proof, (5.15) still holds in such case, which easily imply the conclusion
by diagram chasing. 
As an application of Theorem 1.2, we have the excess intersection formula.
Corollary 5.17. Under the assumptions in Theorem 1.2, let Q be the quotient bundle
(π|E)∗NY/X/OE(−1) over E. Then
H•Φ|Y (Y,L|Y )
cr−1(Q)∪(pi|E)
∗(•)

iY ∗
// H•+2rΦ (X,L)
pi∗

H•+2r−2
(pi|E)−1(Φ|Y )
(E, (π|E)−1(L|Y ))
iE∗
// H•+2r
pi−1Φ
(Y, π−1L).
(5.16)
is a commutative diagram.
Proof. The total Chern classes satisfy c(OE(−1))∪c(Q) = (π|E)∗c(NY/X ), which implies that
h ∪ cr−1(Q) = (π|E)∗cr(NY/X), (5.17)
cr−1(Q) =
r−1∑
i=0
(−1)ihi ∪ (π|E)∗cr−1−i(NY/X). (5.18)
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Notice that (π|E)∗hi = 0 for 0 ≤ i ≤ r − 2 and (π|E)∗hr−1 = (−1)r−1, see Sect. 4.3. By
(3.14),
(π|E)∗(cr−1(Q)) = 1. (5.19)
Fix an integer k. For σ ∈ H•Φ|Y (Y,L|Y ), set α = iE∗(cr−1(Q) ∪ (π|E)∗σ). By Proposition 5.4
and (5.17),
i∗Eα = h ∪ cr−1(Q) ∪ (π|E)∗σ = (π|E)∗(cr(NY/X) ∪ σ). (5.20)
By Theorem 1.2, α = π∗β +
r−1∑
i=1
iE∗(h
i−1 ∪ (π|E)∗γi) for unique β ∈ Hk+2rΦ (X,L) and γi ∈
Hk+2r−2iΦ|Y (Y,L|Y ). By Proposition 5.4,
i∗Eα = (π|E)∗i∗Y β +
r−1∑
i=1
hi ∪ (π|E)∗γi. (5.21)
Comparing (5.20) and (5.21), γi = 0 for 1 ≤ i ≤ r− 1 by Proposition 5.3. Then α = π∗β. So
β =π∗α (by (3.14))
=iY ∗(π|E)∗(cr−1(Q) ∪ (π|E)∗σ) (by the definition of α)
=iY ∗σ (by (3.14) and (5.19)).
Hence, α = π∗iY ∗σ. We complete the proof. 
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